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Abstract Despite the availability of a plethora of imaginative tools in Applied Mathematics,
the preeminent instrument that persists for mathematicians is the linear model. This model
exhibits straightforward and seemingly restrictive attributes, including linearity, constancy of
variance, normality, and independence. Linear models, along with their associated
methodologies, are distinguished for their remarkable flexibility and potency. Given that
nearly all advanced statistical techniques stem from generalizations of linear models,
competence in this domain becomes a prerequisite for the comprehensive study of advanced
statistical tools.

The central focus of this research article centers around the specific formulations of the
Simple Linear Regression Model and the Multiple Linear Regression Model. It delves into the
Least Squares Estimation (LSE) of their parameters and elucidates the properties inherent to
LSE. Moreover, an innovative proof of the Gauss-Markov theorem is introduced, employing
the Principles of Matrix Calculus as a foundational basis. Additionally, the article portrays the
concept of Best Linear Unbiased Estimators (BLUE), underscoring its significance within the
context of this study.

1. INTRODUCTION

A better understanding of a given phenomenon is facilitated by a model encompassing a
theoretical framework. This model, a mathematical construction, gives rise to the observed
data. The linear model serves as a foundational element in the education of both theoretical
and applied mathematicians. The scientific method frequently serves as a guided approach to
the process of learning.

Linear statistical models find extensive application within these processes and are utilized in
diverse fields including the biological, physical, and social sciences, as well as business and
engineering. While these mathematically constructed models may oversimplify complex real-
world problems, they offer valuable approximations of the relationships among observations.
The importance of accurate parameter estimators cannot be overstated, as they significantly
enhance predictive performance. Scientists and engineers rely on estimated models to
describe and synthesize observed data.

In 2017, B. Mahaboob et al. presented a paper where they utilized the principles of Matrix
Calculus to estimate parameters of a CES production functional model. Similarly, in 2018, C.
Narayana et al. explored misspecification and predictive accuracy of stochastic linear
regression models. B. Mahaboob et al., in another research article in 2017, introduced
computational techniques for the least squares estimator and maximum likelihood estimator
through the application of Matrix Calculus. Their 2019 paper tackled estimation methods for
the Cobb-Douglas production functional model.
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Kushbukumari et al. provided an elucidation of basic concepts in Linear Regression Analysis
in their 2018 paper, detailing calculations in software like SPSS and Excel. In the same year,
Shrikant |. Bangdiwala comprehensively explained methods for fitting simple linear regression
models in his article titled "Regression: simple linear explained". Further, in 2017, W. Superta
et al. developed a numerical model utilizing nonlinear techniques to estimate thunderstorm
activity.

For additional references, please consult sources [1]-[28].

2. SIMPLE LINEAR REGRESSION MODEL

In simple linear regression model an attempt can be made to model the rela-
tionship between the two variables by the form

(2.1) Y =g+ o X + €.

where

Y =Response Variable (Dependent Variable)
X =Predictor Variable (Independent Variable)
e=Random Variable (Error Term)

The linearity appearing in (2.1) is just an assumption. Some more assump-
tions namely distribution of independence of ¥ can be added.n; and o, can
be estimated by making use of observed values of X and Y and some infer-
ences namely confidence intervals and testing of hypothesis for 5, andj3 can be
made.The estimated model can be used to forecast the value ofY for a particular
value of X.

2. MULTIPLE LINEAR REGRESSION MODEL

The dependent variable Y can be influenced by multiple independent variables. It is possible
to formulate a linear model that establishes a relationship between Y and several predictors.

(3.1) Y =ap+ o Xy +anXo+ ...+ X+ e

The regression coefficients are denoted as arbitrary constants. The error term accounts for
the random variation in Y that cannot be attributed to the predictors. The model presented
in equation (3.1) exhibits linearity in the regression coefficients ('s) but not necessarily in the
predictors. To derive estimates for the regression coefficients ('s) in equation (3.1), one can
utilize a sample comprising 'n' observations on Y along with the corresponding X values. For
the kth observation, the model can be expressed as follows
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(3.2) Y=o+ o X + o X + ... + o Xy + e

The assumptions for ¢, are as follows:

() E(ep)=0fork=1,2,...m . thatis E(Y,) = ag+ o Xp + e Xpa + .o +
o Xy .
(i) Var(e,) = o for k =1,2,...m, that is Var(Y¥,) = a2.
(iii) Covie,e) = 0forall k # 1, thatis Cov(Y,.¥;) =0.

(i) tells us that model is correct i.e., it is indeed linear, and

(ii) implies that variance of}Y is constant.

If all the above assumptions hold good the poor estimator will be achieved. If the
normality assumption is inserted one can obtain MLE which can have excellent

properties. For each of 'n’ observations (3.2) can be depicted as

Vi = pt+en X +aeXie+ ... + o Xy +er
Yo = ot Xog +aeXo + .l + o X + €2

Ym = iy + CI:1Jle + Ir--"53}fr'.l'|.2 + .. + lr-7'51'=X-r:111' + Em -

Using matrices the above can be put as

Yl 1 X“ X“ Xli (45| ]
Y:-z _ 1 Xgl ng . Xgi yo 5]
[};ntJ [l mel me? e fYrJti| o [ﬁn
(3.3) Y =Xa+e

hence
E(f) = 0 or E(j) = Xa
Cov(e) = T or Cov(Y) =o’T.
X is a matrix of order m x (i + 1) and assume that m > i + 1 and p(X) =i + L.

The o parameters in (2.1) or (3.3) are called regression coefficients. The partial
derivative of

E(Y) = ap + G‘]Xl + Q'Q_XQ + - Cl:i_Xi' s
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with respect to X, for example is «v,.Hence regression coefficients are sometimes
referred to as partial regression coefficients. Thus «, indicates the change in
E(Y") with a unit change in X, when =, X,, X;... X, are fixed. «, depicts the
influence of X5 of E(Y") in the presence of other X’s. This effect is different from
the effect of X, on £{Y") if the other X's are not appearing in the model. For
instance ap and oy

Y =00+ Xy +00Xs 4+ €
differ from oy and o in
Y =oft+alX) +€".

Roughly speaking if one is X is deleted then the parameters will be changed.

3. PRINCIPLE DUE TO GAUSS-MARKOV

The condition of unbiasedness is represented by the equation A X = |, as the relationship A X
= | must be valid for all possible values of . The covariance matrix for the estimation AA is
derived in the following manner

Cov(AY) = A(e*NA™ = g2 A4,

The variance of the o, ’s are on the diagonal of s> AA”. So one have to choose A
subject to AX = I and hence the diagonal elements of AA” are minimized. To

relate AY to @ = (X7 X)'X"Y one can add and subtract (X" X)~' X7 to get

AAT = [A— (XTX)'XT + (XTX) XA — (X7X) X7 4+ (XTX) X

Expanding this in terms of A — (z"X)~'X? and (X7 X)~'X"one can obtain 4
terms in which two become 0 according to AX = I. Thus the output is

(6.1) AAT = [A-XTXO) A-XTX)IXT)T.

The matrix on the RHS of (6.1) is positive semi definite and its diagonal ele-
ments are 0. There elements can be made equal to 0 by taking A as
A= (XTX)"'X7T. The final minimum variance estimation of a is

AY = (XTX)"'XTY. This is nothing but the LSE of a.

4. CONCLUSIONS AND FUTURE RESEARCH

This research article outlines the specification of both simple and multiple linear regression
models. It introduces a streamlined representation of the multiple linear regression model
using Matrix Algebra. The process of least square estimation for regression coefficients is
elucidated through Matrix Calculus. Additionally, the properties inherent to the Least Square
Estimation (LSE) are established, accompanied by a novel proof of the Gauss-Markov
Theorem.

Looking ahead to future research, the aforementioned concepts can also be applied to simple
linear regression models. Furthermore, the exploration of additional concepts, such as
Geometry Least Squares, Maximum Likelihood Estimation (MLE), and Generalized Least
Squares, holds potential for further advancement and exploration within this field.
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