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Abstract: 

Graph theory is one of the few branches of mathematics that may be said to have a 

precise starting date. In 1736, Leonhard Euler solved a celebrated problem, known as the 

Konigsberg bridges problem. The question had been posed whether it was possible to walk over 

all the seven bridges spanning the river pregel in Konigsberg just once without retracing one’s 

footsteps. Euler reduced the question to a graph theoretical problem, and found an ingenious 

solution. Euler’s solution marked not only the introduction of the discipline of graph theory but 

also the first applications of the discipline to a specific problem. Since its inception, graph theory 

has been exploited for the solution of numerous practical problems, and today still retains an 

applied character. In the early days, very important strides were made in the development of 

graph theory by the investigation of some very concrete problems, e.g. Kirchhoff’s study of 
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electrical circuits, and Cayley’s attempts to enumerate chemical isomers. Also many branches of 

mathematics such as group theory, matrix theory, numerical analysis, probability and topology 

have their interaction with graph theory. It has also become more and more clear in recent years 

that the two disciplines of graph theory and computer science have much in common and that 

each is capable of assisting significantly in the development of the other.  

Introduction  

A magic square is a set of integers arranged in the shape of a square with the total of the 

entries in the rows, columns, and diagonals always being the same. This kind of problem of 

building a magic square has been around for about 4000 years, with the first documented 

occurrence in China around 2200 BC. The well-known magic squares are linked to magic 

graphs. Attempts to apply this idea to graphs were attempted in the 1960s. The concept is to label 

the vertices and edges of a graph with positive integers in such a manner that the total of all the 

labels associated with the vertices or edges is a constant, and a graph with this characteristic is 

called magical. 

Vertex magic, vertex antimagic and vertex bimagic labeling  

In 2002, MacDougall et al. [31] introduced the notion of vertex magic total labeling. A 

one-to-one mapping λ from V ∪ E onto the integers {1, 2, ..., p + q} is a vertex magic total 

labeling of a graph G(V, E) if there is a constant k so that  

for every vertex u, weight of the vertex under λ, wtλ(u) = λ(u) + ∑ 𝜆(𝑢𝑣)𝑈𝑉∈𝐸 =K.. 

In [31] the authors have studied properties of vertex magic graphs and identified families 

of graphs having vertex magic total labeling and also classes of graphs which do not admit vertex 

magic total labeling. Vertex magic total labeling has also been extensively studied by many 

authors [11, 17, 33, 36]. MacDougall et al. [32] further introduced the concept of super vertex 

magic labeling. An vertex magic total labeling λ of a graph G is called super vertex magic 

labeling if λ(V ) = {1, 2, ..., p}. Swaminathan and Jeyanthi [45] called a vertex magic total 

labeling λ of G as E-super vertex magic labeling if λ(E) = {1, 2, ..., q}. Recently Marimuthu and 

Balakrishnan [34] studied E-super vertex magic labeling extensively.  
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The definition of (a, d) vertex antimagic total labeling was introduced by Baca et al. in 

[16]. A graph G is said to be (a, d) vertex antimagic total graph if there exist positive integers a, 

d and a bijection λ from V ∪ E on to the set of consecutive integers {1, 2, ..., p + q} such that the 

induced mapping gλ : V → W is also a bijection, where W = {wtλ(x)/x ∈ V } = {a, a+d, a+2d, ..., 

a+(p−1)d} is the set of weights of vertices in G. Such a labeling is called super if the smallest 

possible labels appear on the vertices. Yegnanarayanan [51] defined several variations of vertex 

magic labeling and vertex antimagic labeling namely, (1, 1) vertex magic labeling, (1, 0) vertex 

magic labeling, (0, 1) vertex magic labeling, (1, 1) − (a, d) vertex antimagic labeling, (1, 0) − (a, 

d) vertex antimagic labeling, (0, 1) − (a, d) vertex antimagic labeling and also investigated the 

existence of such labeling on a number of classes of graphs. Further (1, 1) vertex bimagic 

labeling was introduced by Baskar Babujee in [19].  

MAGIC LABELLING 

Sedlacek introduced magic labeling with impetus of magic squares. From  1960‟s several 

authors are working on various types of magic labeling on divergent  regional anatomies of 

graphs. Majority of them studied various properties of the  graphs. Magic labeling is exhibited in 

terms of Vertex magic total labeling, Edge  magic total labeling and Total magic labeling.   

The graphs that scrutinized are limited, modest and undirected. The standard  notations to 

denote the graph are followed. An imprecise remission for graph theoretic  notations is [2]. The 

graphs used in this thesis are paths, cycles, wheels, fan graphs  and friendship graphs. Imprecise 

definitions of path, cycle, wheel, fan graph,  friendship graph are as follows.   

Path graph: A path is a populated graph Pn(V,E)of the form V ={ v1v2…vn}and  E 

={(v0,v1), (v1,v2)….(v n −1 vn)}where ∀iviare well defined and nis the path length.  

Cycle graph: A cycle graphCn(V,E) wheren ≥ 3, V ={ v1v2…vn}and E ={(v0v1,v1,v2….v n 

−1 vn ,vn v0, ,)}where ∀iviare distinct and nis the cycle size.  

Wheel graph: A wheel graph Wn(V,E)is a cycle of sizenwith central hub and all  vertices 

of cycle are adjacent to it.   

http://www.ijfans.org/


e-ISSN 2320 –7876 www.ijfans.org 
Vol.11, Iss.9, Dec 2022 

© 2012 IJFANS. All Rights Reserved Research Paper 

 

 

 

 
  
  
    

1397 
 

Fan graph: A Fan graph Fn (V,E)is a path of length nwith a pivotal axis and all  vertices 

of path adjacent to central hub.  

Friendship graph: A Friendship graph Tn(V,E)consists of ntriangles with one  common 

vertex called as hub where nsize of friendship graph and each triangle is a  cycle of size 3. 

Labeled graphs are becoming an increasingly useful family of Mathematical  Models for 

a extensive scope of applications such as Conflict resolution in social  psychology, electrical 

circuit theory and energy crisis, Coding Theory problems,  incorporating the design of good 

Radar location codes, Synch set codes, Missile  guidance codes and helix codes with unsurpassed 

autocorrelation properties and in  determining ambivalence in X ray Crystallographic dissection, 

to Design  Communication Network addressing Systems, in determining Optimal 

Circuit  Layouts and Radio Astronomy., etc. Designated graphs are replicating pre eminent  role 

substantially in the field of computer science. This appraisal showed its  consequence in 

networking channels, data mining, cryptography, SQL query solving,  etc. This colossal range of 

applications imputed us towards labeled graphs.   

Hence the concentration is to design algorithms for various kinds of magic  labeling. 

Labeling is the operation of allocating integers to graph elements under  some constraint. If the 

constraint is applied on only vertex set V then it is called  vertex magic total labeling, if the 

constraint is on the edge set E then it is called edge  magic total labeling, if the constraint is 

applied on both vertices and edges it leads to  total magic labeling. In other words categorizing of 

a graph is a map that takes graph  elements such as vertices and edges to numbers usually non 

negative integers. The  whole latest survey of graph labeling is done by Gallian[1]. Different 

Kinds of labeling are discussed in [3]. Kotzig and Rosa [4] worked on a magic valuation of 

a  graph which is vertex magic labeling.  

The survey Gallian collected everything they could find on graph labeling.  This survey 

includes a detailed table of contents and index. It will give the discerning  and amiable labeling 

on a variety of graphs. It gave the magic type labeling and  antimagic type labeling. They gave 

miscellaneous for some other graphs. They have  collected everything they could find on graph 
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labeling and the survey includes a  detailed table of contents and index. They give the modish 

and harmonious labeling  on some graphs. And also show the variations of graceful and 

congenial labeling. And  also they gave the magic type labeling and antimagic type labeling. 

They gave details  of various types of labeling for a variety of graphs. 

 

 

Various Techniques of Graph Labeling  

In the previous chapter, we have mentioned the fundamental concepts and terminology of 

graphs. This chapter is aimed to discuss cordial labeling of graphs in detail. For occurrence the 

problems arise from coloring of the vertices of a graph remained unsolved for more than ten 

decades for its solution in 1976. The problem of catalogue of isomers in the hydrocarbon series 

CnH2n+2 initiated by the first work of Cayley is as old as the map coloring problem. In recent 

times, new contexts have emerged wherein the labeling of the vertices or edges of a given graph 

by elements of certain subsets S of the set of real numbers R. This problem provided enough 

motivation to formulate more terse mathematical problems on graph labelings. The concept of β-

valuation was introduced by Alexander Rosa [6] in 1967. Independent discovery of β-valuation 

termed as graceful labeling by S.W.Golomb [7] in 1972, who also pointed out the importance of 

studying graceful graphs in trying to settle another complex problem of decomposing the 

complete graph by isomorphic copies of a given tree of the same order.  

The most popular Ringel-Kotzig-Rosa [6] conjecture and various attempts to settle it 

provided the reason for different ways for labeling of graph structures. This chapter is focused on 

graceful and graceful like labelings of graphs.  

3.2 Labeling of Graph  

If the vertices are assigned values subject to specified condition in a graph, then it is 

known as graph labeling. Most interesting graph labeling problems have following three 
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important rules. A set of numbers from which vertex labels are chosen.A rule that assigns a value 

to each edge.A condition that these values must satisfy. Now discussion about various graph 

labeling techniques will be carried out in sequential order as they were introduced.  

3.3 Various Techniques of Graph Labeling  

3.3.1 : Magic Labeling  

Magic labeling was introduced by Sedl`acˇek [8] in 1963 motivated through the notion of 

magic squares in number theory. A function f is called magic labeling of a graph G if f : V ∪ E 

−→ {1, 2, . . . , p + q} is bijective and for any edge e = (u, v), the value of f(u) + f(v) + f(e) is 

constant. A graph which admits magic labeling is called magic graph.  

 

Some known results about magic labeling are listed.  

Stewart [9] proved that  

• Knis magic for n = 2 and all n ≥ 5.  

• Kn,nis magic for all n ≥ 3.  

• Fans Fnare magic if and only if n ≥ 3 and n is odd.  

• Wheels Wnare magic for all n ≥ 4.  
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For any magic labeling f of graph G, there is a constant   such that for all edges e = (u, 

v) ∈ G, f(u) + f(v) + f(e) = c(f). The magic strength m(G) is defined as the minimum of c(f), 

where the minimum is taken over all magic labeling of G.  

The above definition and some facts listed below. They were obtained given by S. 

Avadyappanet. al. [10].  

• m(P2n) = 5n + 1, m(P2n+1) = 5n + 3,  

• m(C2n) = 5n + 4, m(C2n+1) = 5n + 2,  

• m(K1,n) = 2n + 4.  

Hegde and Shetty [11] defined M(G) analogous to m(G) as follows:  

M(G) = max{c(f)}, where maximum is taken over all magic labeling f of G. 

 For any graph G with p vertices and q edges following inequality holds:  

p + q + 3 ≤ m(G) ≤ c(f) ≤ M(G) ≤ 2(p + q).  

3.3.2 Graceful Labeling  

A function f is called graceful labeling of a graph G = (V, E) if f : V → {0, 1, . . . , q} is 

injective and the induce function f* : E −→ {1, 2, . . . , q} defined as f*(e) = |f(u) − f(v)| is 

bijective for every edge e = (u, v) ∈ E. A graph which admits graceful labeling is called graceful 

graph. Initially Rosa named above defined labeling as β−valuation. Golomb [7] renamed 

β−valuation as graceful labeling. We will discuss graceful labeling in detail in Chapter 4. 
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figure−3.2 

3.3.3 Graceful Like Labeling  

In 1967 Rosa [6] gave another result of graceful labeling  

A function f is called graceful like labeling of a graph G = (V, E) if f : V → {0, 1, . . . , q 

+ 1} is injective and the induce function f* : E → {1, 2, . . . , q − 1, q + 1} defined as  

f* (e) = |f(u) − f(v)| is bijective for every edge e = (u, v) ∈ E. 

Some known results of Graceful-like labeling are mentioned below.  

• Frucht [12] has shown that Pm ∪Pnadmits graceful like labeling with edge labels {1, 2, . 

. . , q − 1, q + 1}. G ∪ K2(where G is graceful graph) admits graceful like labeling.  

• Seoud and Elsahawi [13] have proved that all cycles Cnadmit graceful like labeling.  

• Barrientos [14] proved that cycle Cnis having graceful like labeling with edge labels {1, 

2, . . . , q − 1, q + 1} if and only if n ≡ 1 or 2 (mod 4) 

 

3.3.4 Harmonious Labeling  
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Graham and Sloane [15] introduced harmonious labeling in 1980. They have introduced 

this during their study of modular versions of additive bases problems stemming from error 

correcting codes.  

A function f is called Harmonious labeling of a graph G = (V, E) if f : V → {0, 1, . . . , q 

− 1} is injective and the induce function f * : E → {1, 2, . . . , q − 1} defined as f* (e) = (u, v) = 

(f(u) + f(v)) mod q is bijective.  

A graph which admits harmonious labeling is called harmonious graph. We will 

demonstrate harmonious labeling by means of following examples in figure 3.3.  

 

Graham and Sloane observed that if graph G is a tree then exactly two vertices are 

assigned same vertex label in harmonious labeling. Some known results about harmonious graph 

are listed below.  

• Liu and Zhang [16] proved that every graph is a subgraph of a harmonious graph.  

• Graham and Sloane [15] posed a conjecture Every tree is harmonious. In connection of 

above conjecture, Alderd and Mckay [17] proved that trees with 26 or less vertices are 

harmonious. They also proved that  

– Caterpillars are harmonious.  

– Cycles Cnare harmonious if and only if n ≡ 1,3 (mod 4).  
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– Wheels Wnare harmonious for all n. 

– Cm × Pnis harmonious if n is odd.  

– Knis harmonious if and only if n ≤ 4.  

– Km,nis harmonious if and only if m or n = 1.  

– Fans Fnare harmonious for all n.  

• Liu [16] proved that all helms are harmonious.  

• Jungreis and Reid [18] proved that grids Pm ×Pnare harmonious if and only if (m, n) 6= 

(2, 2). In the same paper they proved that Cm ×Pnis harmonious if m = 4 and n ≥ 3.  

• Gallian et al. [19] proved that Cm × Pnis harmonious if n = 2 and m 6= 4.  

3.3.5 Elegant Labeling  

Elegant labeling was introduced by Chang et al. [20] in 1981.  

A function f is called elegant labeling of a graph G if f : V → {0, 1, 2, . . . , q} is injective 

and the induced function f∗: E → {1, 2, . . . , q} defined as f∗(e = (u, v)) = (f(u) + f(v)) mod (q + 

1) is bijective.  

A graph which admits elegant labeling is known as elegant graph. We will note that as in 

harmonious labeling it is not necessary to make an exception for trees. Some known results for 

elegant labeling are listed below.  

• Chang et al. [20] proved that Cnis elegant when n ≡ 0, 3 (mod 4) and not elegant when n 

≡ 1 (mod 4) and Pnis elegant when n ≡ 1, 2, 3 (mod 4).  

• Cahit [21] proved that P4 is the only path which is not elegant.  
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• Balakrishnan et al. [22] proved that every simple graph is a subgraph of an elegant 

graph.  

• Deb and Limaye [23] defined near elegant labeling by replacing co-domain of edge 

function f∗by {1, 2, . . . , q − 1} and they proved that triangular snakes where the number of 

triangles is congruent to 3 (mod 4) are near elegant. 

3.3.6 Concept of Prime Labeling  

The concept of prime labeling was originated by Entringer and it was introduced in a 

paper by Tout et al. [24]  

A graph G with p vertices and q edges is said to have a prime labeling if f : V → {1, 2, . . 

. , p} is bijective function and for every edge e = (u, v) of G, gcdof f(u) and f(v) is 1.  

• Around 1980 Entringer conjectured that All tree have a prime labeling. So far there has 

been little progress towards the proof of this conjecture.  

• Some known classes of trees having prime labeling are paths, caterpillars, stars etc.  

• Deretsky et al. [25] proved that  

▪ All cycles have prime labeling. 

 

▪ Disjoint union of C2k and Cnhave prime labeling.  

 

▪ The complete graph Kndoes not have a prime labeling for n ≥ 4.  

•  Lee et al. [26] proved that Wnhave prime labeling if and only if n is even.  

•  Seoud et al. [27] proved that all helms, fans, K2,n, K3,n (where n 6= 3, 7) Pn+ K¯2 (where 

n = 2 or n is odd) are having prime labeling. He also proved that Pn + K¯mdoes not have prime 

labeling if m ≥ 3.  
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•  Seoud and Youssef [13] shown that Pn + K¯2 is having prime labeling if and only if n = 2 

or n is odd.  

In 1991 Deretsky et al. [25] introduced the notion of dual of prime labeling which is 

known as vertex prime labeling. According to them a graph with q edges has vertex prime 

labeling if its edges can be labeled with distinct integers {1, 2, . . . , q} such that for each vertex 

of degree at least two the greatest common divisor of the labels on its incident edges is 1. Some 

known results for vertex prime labeling are listed below. 

•  Deretsky et al. [25] proved that  

– Forests, all connected graphs are having vertex prime labeling.  

– C2k ∪ Cn, C2n ∪ C2n ∪ C2k+1, C2n ∪ C2n ∪ C2t ∪ Ckand 5C2m are having vertex prime 

labeling.  

– A graph with exactly two component one of them is not an odd cycle has a vertex prime 

labeling.  

– 2 regular graph with at least two odd cycles does not have a vertex prime labeling.  

– 2regular graph with at least two odd cycles does not have a vertex prime labeling  

– He also conjectured that 2 regular graph has a vertex prime labeling if and only if it 

does not have two odd cycles.  

3.3.7 k-Graceful Labeling  

A natural generalization of graceful labeling is the notion of k-graceful labeling which 

was independently introduced by Slater [28] and by Maheo and Thuillier [29] in 1982. A 

function f is called k-graceful labeling of a graph G = (V, E) if f : V (G) → {0, 1, . . . , k + q − 1} 

is injective and the induced function f* : E(G) −→ {k, k + 1, k + 2, . . . , k + q − 1} defined as 
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f*(e) = |f(u) − f(v)| is bijective for every edge e = (u, v) ∈ E(G). A graph G is called k-graceful 

graph if it admits a k-graceful labeling.  

Some known results for k-graceful graph are listed below.  

• Liang and Liu [30] proved that Km,nis k-graceful, for all m, n ∈ N and for all k. 

• Bu et al. [31] proved that Pn× P2 and (Pn× P2)
S(Pn× P2) are k-graceful for all k.  

• Acharya [32] proved that a k-graceful Eulerian graph with q edges satisfies one of the 

following:  

(1) q ≡ 0 (mod 4), q ≡ 1 (mod 4) if k is even, (2) q ≡ 3 (mod 4) if k is odd.  

3.3.8 Cordial Labeling  

Cahit [21] introduced the concept of cordial labeling in 1987 as a weaker version of 

graceful and harmonious labeling. A function f : V → {0, 1} is called binary vertex labeling of a 

graph G and f(v) is called label of the vertex v of G under f. For an edge e = (u, v), the induced 

function f∗: E → {0, 1} is given as f*(e) = |f(u) − f(v)|. Let vf(0), vf(1) be number of vertices of G 

having labels 0 and 1 respectively under f and let ef(0), ef(1) be number of edges of G having 

labels 0 and 1 respectively under f*. A binary vertex labeling f of a graph G is called cordial 

labeling if |vf(0) − vf(1)| ≤ 1 and let |ef(0) − ef(1)| ≤ 1. A graph which admits cordial labeling is 

called cordial graph.  

In this chapter we have discussed various graph labeling techniques in detail. The 

discussion includes basic definitions and known results for some of the labeling technique. This 

chapter gives wider angle about various labeling techniques and it will provide ready reference 

for any researcher. The next chapter is devoted to the discussion on double path union and its α-

labeling of some graphs. 
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CONCLUSION 

Graph labeling is becoming more interesting filed due to its broad range of applications. 

A vital role have played by labeled graphs in various fields of graph theory. Coding theory, 

missile guidance codes, design of good Radar type codes, astronomy, circuit design, X-ray 

crystallography, data base management are few names of such important fields. This chapter 

gives an overview of graph labeling as well as some information of important applications.  

Here we would like to enhance the graph labeling applications in the filed of computer 

science. Graph labeling applications have been studied and here we explore the usage of this 

field in several area like communication networks, image processing, data mining, crypto 

systems and bird view has been proposed. Graph theory has been applied in investigation of 

electrical network is a collection of components and device interconnected electrical gazettes.  

The network components are idealized physical devices and system, in order to represent 

several properties. Also they must obey the Kirchhoff’s law of currents and voltage.  

Bipartite Graph and Time Table Scheduling  

Allocation of classes and subject to all the teachers in an institute is one of major issues, 

whenever constrain and complexity occur. A bipartite graph helps to solve such problem. Also it 

play an important role in this kind of problems. For m teachers and n subjects available periods 

p, the time table has to be prepared as follow. A bipartite graph G, we mean a set of teachers v1, 

v2, . . . ,vmand another set of subjects u1, u2, . . . , un. These vertices have pi periods. It is 

presumed that any one period, each teacher may engage almost one subject. Also each subject 

can be taught by maximum one teacher. For the first period, the time table for this single period 

correspond to a matching in the bipartite graph G and conversely, each matching correspond to a 

possible assignment of some teachers to subject taught during that period.  
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Hence, the solution for this will be obtained by partitioning the edges of the given graph 

into minimum number of matching. Also the edge have to be colored with minimum number of 

colors and this problem can be solved by the vertex coloring algorithm. The line graph of given 

graph has equal number of vertices and edges of the given graph. Also the vertices in the line 

graph are adjacent iff they are incident in the given graph. The line graph is a simple graph and 

its proper coloring gives a proper edges coloring of the given graph.  

Application in Communication Network  

For any kind of application, it depends on problem scenario a kind of graph is used for 

representing the problem. a suitable labeling is applied on that graph in order to solve the 

problem. Given a set of transmitters, each station is assigned a channel number(a positive 

integer) such that interference should be avoided. The smaller distance between two stations has 

stronger interference. Hence, the difference in channel assignment has to be greater. 

 

Here each vertex represents a transmitter and any its pair connected to the neighbouring 

transmitters. Radio labeling is used to get effective network. For this we define some 

terminology as take G = (V (G), E(G)) a connected graph and d(u, v) = distance between any two 

vertices of  .  

The Maximum distance between any pair of vertices is the diameter of G  

and denote it by diam(G). A radio labeling on G, we mean an injective function f : V (G) −→ 

N∪{0} and define it such a way so that for any u, v ∈ V (G), |f(u)−  

f(v)| ≥ diam(G) − d(u, v) + 1. The span of f is the difference of the largest and the 

smallest channel used, that is max{f(u) − f(v)}, for every u, v ∈ V (G). The radio number of the 

given graph G is the maximum span of radio labeling of G and denote it by γn(G). Given a set of 

transmitters, each station is defined as a channel such that the interference can be minimise or 

avoided.  
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