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In this paper, we introduce the concept of vague WI-ideal and vague lattice ideal of lattice
wajsberg algebra. “We show that every vague WI-ideal of lattice wajsberg algebra is an
vague lattice ideal of lattice wajsberg algebra”. Also,”we discuss its converse part. Further,
we obtain “every vague lattice ideal is an vague WI-ideal in lattice H-
wajsberjalgebra.Moreover” we discuss some characterizations of vague WI-ideal.
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1. Introduction

“The concept of Lattice was first defined by Dedekind in 1897 and then developed by
Birkhoft.G, imposed an operation an open problem " ,”Is there a common abstraction which
includes Boolean algebra, Boolean rings and lattice ordered group or L-group is an algebraic
structure connecting lattic and group.” To answer this problem many common abstractions,
namely dually residuated lattice ordered semigroups, commutative lattice ordered groups.
lattice ordered rings, Also the concept proposed by Zadeh.L.A.[17] defining a fuzzy subset A
of a given universe X characterizing the membership of an element x of X belonging to A by
means of a membership function pa(x) defined from X in to [0 1] has revolutionized the
theory of Mathematical modeling. Decision making etc.,in handling the imprecise real life
situations mathematically.

The objective of this paper is to contribute further to the study of vague algebra , we
introduce vague WI-ideal and vague lattice ideal of lattice of wajsbergalgebra.We have
shown that every vague WI-ideal of lattice wajsberg algebra is an vague lattice ideal of lattice
wajsbergalgebra.But ,the converse part is true only in lattice H-Wajsbergalgebras.Finially,we
have shown that collection of WI-ideals of lattice wajsberj algebras is an vague WI-ideal of
lattice wajsbergs and investigate some their properties with suitable examples.

2. Preliminaries

In this section, we recall some basic definitions and properties which are useful to develop
the main results.
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Definition 2.1 [2] Let (A, =, *,1) be an algebra with a binary operation “—”and a quasi
complement “* ” is called a wajsberg algebra if and only if it satisfies the following axioms
forall x,y,z € A,

1. 1-x=x

2.(x=>y) »((y=2) = (x> 2)=1
3.(x=>y)»y=(y-x)—x

4. (X = y7) = (y- x)=L.

Definition 2.2[2] The wajsberg algebra (A,— , *, 1) satisfies the following properties for all
X,Y,ZE A,

(i) x—=>x=X
(ii) If (x >y)= y —x=1 then x=y
(iiyx»>1=1

(iv) x— (y »x)=1

(V) If x> y=y->z=1thenx—=>z=1

V) If (x->y) > (z->x) > (z-y) =1
(Vilx->(y—>2) =y - (x> 2)

(Vi) x> 0 =x » 1" =x"

(ix) (X)) =x

() (X" =y") =y- x.

Definition 2.3 [2] The wajsberg algebra (A, —,*,1) is called a lattice wajsberg algebra if it
satisfies the following properties for all x,ye A,

(1) a partial ordering “<” on a lattice wajsberg algebra A, such that x<y if and only if
Xx->y=1

@2 XEp=toy) >y

(3) Xly)=((x=y )=y ) Thus,we have (A,[1,[],*,0,1) is a lattice wajsberg algebra
with lower bound 0 and upper bound 1.

Theorem 2.5 [2] Thewajsberg algebra (A, —,*,1) satisfies the following properties for all x,y,
zZ €A,

I. If x<y thenx =z>y—- z
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2. Ifx<ythenz—>x<z->y

3. Ifx<y—zifandonlyif y<x— z
4.(xCy) =(x" 0y)

5.(xy) =(x I y)

6. XU yy»z=(X— 2)[I (y> z
7X=>(Y 2)=(= y) [I(X—= z)
8.(x= y)L(y—x)=1

9x= (y 1 2)=( y)[I(X— 2)
10.(X y)= z =(X—= y) (X= z)
11.(x0y) U z=(x[z)1(yl] 2)
12.(X[ y)=z =(x—= y) =(x— z) for all x,y,z in A.

Definition 2.6[2] A lattice wajsberg algebra (A,—, *, 1) is called a lattice H-
Wajsbergalgebra,if it satisfies x[1 y[1 ((x[1 ypz)=1 for all x,y.z € A. In a lattice H-wajsberg
algebra A ,the following hold.

Lx=(x= y)=(x-y)

2X= (y = z) =(x—= y) =»(Xx— z) foaall x,y,z in A.

Definition 2.7[2] Let (A1,—,*, 1) and (Az,—,*, 1) be lattice wajsberg algebras, a maping
f: A1— A is called implication homomorphism if f(x — y) =f(x) —f(y) holds,

Definition 2.8[2] Let (A1,—,*,1)and (A,—,*, 1) be lattice wajsberg algebras, f: A;— A;
is implication homomorphism from A; to A, satisfies the following properties.

1. f(x Oy) =f(x)0 f(y) 2. f(x Oy) =f(x)0 f(y) 3.6x )=[f(x)]"

Definition 2.9[2] Let L be a lattice. An ideal | of L is a non-empty set of Lis called a lattice
ideal if it satisfies the following axioms for all x,y€ |

1xeF ,ye€F andy<x I
2.X,y €l implies x [1y € F.

Definition 2.10 [3] Let A be lattice wajsbergalgebra.Let | be a non-empty subset of A.Then |
is called WIl-ideal of a lattice wajsberg algebra A satisfies for all x,y€A,
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1. 0el 2. (x= y) €l and yel implies x € I.

Definition 2.11[1] Let X be a set. A function p: X—[0,1] is called a fuzzy subset on X, for
all X € X the value of u(x) describes a degree of membership of x in p.

Definition 2.12[10] Let p be a fuzzy subset in set A. Then for t € [0 ,1],the st p' ={ X €A :
u(x) >t} is called a level subset of p.

Definition 2.13 [16]Let(A1,— , *, 1 ) be a lattice wajsberg algebra. A fuzzy subset p of A is
called a fuzzy WIl-ideal of A if it satisfies the following properties for all X,y in A.

1 w0)= ux) .
2. wx)zmin{ p(y), W(x-y) }.

Definition 2.16 [4]: A vague set A in the universe of discourse Xis a pair (ta, fa)
where ta :X—[0,1], fa: X— [0,1] with ta(X)+fa(x) < 1 for all x in X. Here ta is called the
membership function and fa is called non-membership function and also called true
membership function, false membership function respectively.

3. Vague Wajsberg implicative ideal (Vage WI-Ideal)

In this section, we introduce the concept of an vague WI-ideal and an vague lattice ideal of a
lattice wajsberg algebras. Also, we obtain some properties of an vague WI-ideal.

Definition 3.1 Letw =(A,—, *, 1) be a lattice wajsberg algebra. An vague set A= (ma Na)
of w is called vague WI-ideal of A if it satisfies the properties.

1. ma@Z ma®  and na@ =n®
2.my ) > min{m, ((x > y)*) , my®}
3.0, ™ <max {na((x = y)*) ,na@ }forall x, y ,z€ A.

Example 3.2 Let A={0,a,b,c,d,r,s,t,1} be a set as a partial ordering .Define a quasi
complement “* ” and a binary operation ” = " on A .Then a vague set S ={(0,1,0),
(a,0.6,0.4) (b,1,0),(c,0.6,0.4),(d 0.6,0.4), (r, 0.6,0.4), (s 0.6,0.4), (t, 0.6,0.4) (1,0.6,0.4} of A
is a vague WI-ideal of A.

Sol:- Let A={0,a,b,c,d,r,s,t,1} be a set as a partial ordering .

ok 9

Define a quasi complement and a binary operation ” = " on A

Table 3.2.1 (Implication)
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0 A B C D
ﬁ

1 1 1 1 1
0

D 1 A C C
A

C 1 1 C C
b

B A B 1 A
C

A 1 A 1 1
D

0 A B C D
1

Table:3.2 .2 (complement)

X
X*
1
0
C
A
D
B
A
C
B
D
0
1
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Define ‘[J * and ‘[] ’ operations on A as follows:

a) (XU y)=(=y)= y

b) (xI y)=(( X =y )=y )) forall x,yin A, Letaset A={0,a,b,c,d,r,s,t,1} be a set with
figures 1 as a partial ordering and and (A, [J, [1, *, 0, 1) is a lattice wajsberg algebra, a
vague set S ={(0,1,0), (a,0.6,0.4) (b,1,0),(c,0.6,0.4),(d 0.6,0.4), (r, 0.6,0.4), (s 0.6,0.4), (t,
0.6,0.4) (1,0.6,0.4} is a vague WIl-ideal of A.

Sol:- (i) na®Zna® and na® =na®
(1) Put y=a
(@) my® >min{m,((x = y)*) , my®}=min{m, (1)* , my @}
=min{m, @ ,m, (1)* }= min{m, @ ,m,® }=min{1, 0.6}=0.6
and m, (V=1
Therefore m, @ >min{m, ((0 - a)*), m, @}.
(b) Puty=b
m, @ > min{m, ((x = b)*) , my®3}=min{m, (1)* , m,®}
=min{m, @ m,® 3= min{m,© m,® }=min{1, 1}=1
and m, (V=1
Therefore mp @ >min{m,((0 » b)*),m,®}.
(c)Puty=c
my @ > min{m, ((x = ¢)*) , my©@}=min{m,(1)* , m,©}
=min{m, @ my,©3}=  min{m,® ,m,© }=min{1, 0.6}=0.6
and m, (V=1
Therefore m, @ >min{m, ((0 - ¢)*), m, ©}.
(d)Put y=d
m, ) > min{m, ((x » d)*) , my@}=min{m,(1)* , m, @}
=min{m,® m,“3}=  min{fmx©® m,© }=min{1, 0.6}=0.6
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and m, (V=1
Therefore mp @ >min{m, ((0 - ¢)*), m, @D},
(c)Put y=r
m, ) > min{m, ((x = r)*) , my@3}=min{m,(1)* , m,"}
=min{m, @ my,®3}=  min{m,@ ,m,© }=min{1, 0.6}=0.6
and m, (V=1
Therefore m, @ >min{m, ((0 - r)*),m,™}.
(c)Put y=s
m, @ >min{m, ((x = 5)*) , my®@}=min{m,(1)* , m,®}
=min{m, @ m,93¥=  min{fm,© ,m,© }=min{1, 0.6}=0.6
and m, (V=1
Therefore my @ >min{m, ((0 - s)*),m, '}
(c)Puty=t
my ™ > min{m, ((x - t)*) , myO}=min{m,(1)* , my,®}
=min{m,® m,“93}=  min{fm, @ ,m,® }=min{1, 0.6}=0.6
and m, (V=1
Therefore mp @ >min{m, ((0 - t)*),m, ®}.
3.0, <max {na((x = y)*) ,na@ }forall x, y ,z€ A.

(@) Puty=0
na @ <max {ny((0 > a@)*) ,ny @ }=max {ns ((1)*) ,n, @}
=max {ny,@ ,n,©® }=0
Therefore n, @ <max {ny((0 » a)*) ,n, @ }.

(b) Puty=a
ny @ <max {n,((0 - a)*) ,ny@ }=max {ny ((1D*) ,n, @}
=max {n, @ ,n,® }=max{0,04}=0.4 andn,@ =0
Therefore ny, @ <max {n,((0 > a)*) ,n, @ }.

(c) Puty=b
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nA(O) <max {HA((O - b)* ) ,nA(b) }: max {HA((l)* ) ,HA(b) }
=max {n, @ ,n,® }=max{0, 0}=0 andn,® =0
Therefore n, © <max {ny (0 > a)*) ,ny® }.

(d) Puty=c
ny @ <max {ny ((0 - ¢)*) ,n, }=max {ny (1)) ,n,}
=max {ny @ ,n,© }=max{0, 0.43=0.4 and f,¥ =0
Therefore nA(O) <max {ny ((0 » a)*) ,nA(C) }-
(e) Puty=d
ny @ <max {ny ((0 - d)*) ,n, @ }=max {n, (1)*) ,n, @}
=max {ny, @ ,n,@ }=max{0, 0.6}=0.6 andn,® =0
Therefore n, @ <max {ny((0 » a)*) ,n,© }.
)] Put y=r
ny @ <max {ny((0 - 7)*) ;0,7 )}=max {ny (") ,n, @}
=max {n, @ ,n, }=max{0, 0.4}=0.4 andn,® =0
Therefore n, @ <max {n,((0 - r)*) ,n, @ }.
(9) Puty=s
n, @ <max {ny((0-5)*) ,my®@ }=max {ny((1)*) ,n,®}
=max {n,©@ ,n,® }=max{0, 0.4}=0.4 andn,® =0
Therefore ny @ <max {n,((0 = s)*) ,n,® }.

S is a vague WI-ideal of A.

Example 3.3 Let A={0,a,b,c,d,r,s,t,1} be a set as a partial ordering .Define a quasi
complement “* * and a binary operation ” — " on A .Then a vague set S ={(0,0.32,0.56),
(@,1,0) (b,1,0),(c,0.32,0.56),(d 0.32,0.56), (r, 0.32,0.56), (s 0.32,0.56), (t, 0.32,0.56)
(1,0.32,0.56} of A. Then S is a vague WI-ideal of A.

Sol: Let A={0,a,b,c,d,r,s,t,1} be a set as a partial ordering . By the figures1,2,3

3k n

Define a quasi complement and a binary operation ” = " on A.

Let S={(a1,0) (b,1,0),(c,0.32,0.56),(d 0.32,0.56), (r, 0.32,0.56), (s 0.32,0.56), (t, 0.32,0.56)
(1,0.32,0.56} be a vague set of A.

) Ma®Z ma®  and na® =na®
(1) my® >min{m, ((x - ¥)*) , my®}

(@) Putx=a, y=b
m,® > min{m, ((x > ¥)*) , my®}=min{m,((a -» b)*) , my,®}
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=min{m, (1)* , m,®}
=min{m, @ ,1}=min{1, 1}=1
and m, (@=1
Therefore m, @ > min{m, ((0 - a)*), m, @},
(b) Put x=a, y=c
m, ©) > min{m, ((x - y)*) , my®}=min{m, ()" , my©}

=min{m,® ,0.32}= min{1,0.32 }=0.32

and m, (@=1
Therefore m, @ > min{m, ((0 = b)*), m, P}
(c) Put x=a, y=d
my @ > min{m, ((x = y)*) , my@}=min{m, (1)* , m, @}
=min{m,© ,0.32}= min{1,0.32 }=0.32
and m, (@=1

Therefore m, @ > min{m, ((0 = ¢)*), m, ©}.
(d) Putx=a, y=r

my @ > min{m, ((x - y)*) , my@}=min{m, (1)* , m, @}
=min{m,© ,0.32}= min{1,0.32 }=0.32

and m, (@=1
Therefore m, @ >min{m, ((a = r)*), m, M},

(e) Put x=a, y=s
my @ > min{m, ((x = y)*) , my@}=min{m, ()* , m, ™}

=min{m,® ,0.32}= min{1,0.32 }=0.32

and m, (W=1
Therefore m, @ >min{m, ((a - s)*),my®}.
(F) Put x=a, y=t
;’;;f!¢£!_.=l ._l FANS 966

g
IW International Journal of
Eond And Mutritionol Sciences

...................................... e

Plel i el e Bl =



IJFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES

ISSN PRINT 2319 1775 Online 2320 7876
Research paper ~ © 2012 IJFANS. All Rights Reserved,

m, ®) > min{m, ((x = y)*) , my®}=min{m,(1)* , m,“}
=min{m,® ,0.32}= min{1,0.32 }=0.32
and m, (@=1
Therefore m® >min{m,((a - t)*),m, O}
3.1,™ <max {ny((x = ¥)*) ,n,@® }forall x, y ,z€ A.

(@) Put x=a,y=b
ny @ <max {ny((a = b)*) ,ny® }=max {ny((1*) ,n,®}
=max {n, @ ,n,® }=max{0,0}=0
Therefore ny, @ <max {n, ((0 » a)*) ,n, @ }.
(b) Put x=a,y=c
ny @ <max {ny((a@ - ¢)*) ;0@ }=max {n, (V") ,n, )}
=max {ny @ ,n,© }=max{0,0.56}=0.56
Therefore n, @ <max {n,((0 » a)*) ,n, @ }.
(c) Put x=a,y=c
np @ <max {ny((@ - ¢c)*) ,ny @ }=max {ny ((©)*) ,n, '}
=max {n,® ,n,© }=max{0,0.56}=0.56
Therefore n, @ <max {ny((0 » a)*) ,n, @ }.
(d) Put x=a,y=d
ny @ <max {ny((a@ = d)*) ,ny® }=max {ny ((1)*) ,ny @}
=max {ny @ ,n, @ }=max{0,0.56}=0.56
Therefore ny @< max {ny((a —» d)*) ,n, @ }.
(e) Put x=a,y=r
ny @ <max {ny((@ - 1)) ,ny, @ }=max {n,y((1)*) ,n, '}
=max {ny @ ,n, ™ }=max{0,0.56}=0.56
Therefore ny @ <max {ny((a > r)*) ,n, ™ }.
(F) Put x=a,y=s
ny @ <max {ny((a@ - 5)*) ;1 }=max {ny ((£)*) ,ny @}
=max {n,® ,n,© }=max{0,0.56}=0.56
Therefore n, @ <max {ny((a » t)*) ,n,® }.
(g) Put x=ay=t
ny @ <max {ny((a - £)*) ,ny®@ }=max {n, (1)*) ,n,}
=max {ny @ ,n,® }=max{0,0.56}=0.56
Therefore n, ® <max {na((a = t)*) ,n, @ }.
Therefore S is a vague WI-ideal of A.

Example 3.4 Let A be a lattice wajsberg algebra defined on the above examples, define an
vague set A=(ma, na) be a vague set of a partial ordered set P as follows.

1. mA(O): mA(C):l
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2. ma®¥=m, for any x in {a,b,c,d,r,s,t,1}
3. ma@=m =0

4.na®=n forany x in {a,b,c,d,r,s,t,1} where m,n€ [0,1] and m+n<1.Then A is an vague WI-
ideal of A.

Theorem 3.5 Every vague WIl-ideal A=(ma_ np) of a lattice wajsberg algebra A is an vague
monotonic, that is ,if x<y, then ma® > ma® and na®< na®.

Proof: Let x,y€ A x<y.Then (x=Y) =1"=0
mA(x) zmin{mA((x - y)* ) , mA(Y)}:m|n{ tA(O) ’mA(Y)}:mA(Y)
Therefore my ™) > m, @) .

Now ,ny® <max {ny((x = ¥)*) ,ny,® }=max {n, @ n, )}

Therefore n, @ < n, @),
Theorem 3.6 Let an vague set A=( ma na) be a vague Wi-ideal of a lattice wajesberg
algebra A.for any x,y€ 4 which satisfies x<y* - zthen m,® >min{m,*, m,®}and

(x)
< maX{nA(Y) , Np (Z)}
na

Proof: Let X,y,z€ A x<y* - z
Then, we have 1=x— (y* - 2)
=z" - (x = y)=(x = y)* — z (since wajsberg algebra)
and so, ((x = y)* - z) =0.
It follows from the definition of WIl-ideal, that
m, ) > min{m, ((x > 3)*) , my©}
>min { min {my((x - y)* »z)*, my@},m, "}
=min{ min{ m, @ ;m,®}m,}
=min{ m,®),m,®}.
Therefore  m,®>min{ m,®),m,®}.
ny @ <max {ny((x = y)*) , 1}

<max {max {ny((x = y)* = 2z)*, n,@} ,HA(y)}
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=max{ max{ n, © ,n, @} n,’}
=max{ nA(y),nA(Z)}.
Therefore nA(") <max { HA(y),nA(Z)}-

Definition 3.7 An vague set A=(ma_na) of a lattice A is called an vague lattice ideal of A
if it satisfies the following for all X,y in A,

1.A=(ma, np) is a vague monotonic

2. Ma (o YEmin{mA(X)’ mA(y) }
3. na® Y<max {na®, na¥ } for all x,y in A.

Remark 3.8. In the above definition 3.7 conditions of 1 and 2 can be equivalently replaced
by  1.ma% >min{ma®, ma® } and 2. na® Y<max {na®, na } for all x,y in A.

Example 3.9. Let A be a lattice wajsberg algebra defined in the Let A={0,a,b,c,d,r,s,t,1} be a
set as a partial ordering .Define a quasi complement “ * ” and a binary operation ” — " on A
.Then a vague set S ={(0,1,0), (a,m,n) (b,m,n),(c, m,n),(d ,1,0), (r, m,n), (s m,n), (t, m,n)
(1,m,n} of A. Then S is a vague lattice ideal of A. Wher m,n€[0, 1] and m+n<1.Then

A=(ta fa)is an vague lattice of A.

Theorem 3.10. Let A be lattice wajsberj algebra. Every vague WI-ideal of A is an vague
lattice ideal of A.

Proof: Let A=(ma_ na) be an vague lattice ideal of A. clearly 1. ma @ ma®

and na® “n®

For any x,y in A.Nowx=<x[]y for all X,y in A it follows that,

MaA® >ma ¥ ma Y ) = mpa O 0 sminfm, ((x - y)*) , my @}
Therefore ma® > min{m,((x - y)*) , my®}.

NA® < npa X Yk (Y XFEDN = g (VT X)) <max{n((x = y)*) , n,®}
Therefore na® < max{n,((x = ¥)*) , ny,®}.

Thus A is an vague WI-ideal of A.

Theorem 3.11. The converse of the above theorem need not be true . Let A be lattice
wajsberj algebra. Every vague lattice ideal of A is not a vague WIl-ideal of A .

Let A be lattice wajsberj algebra defined in the example 3.3 A=(ma, na) be a vague set of A
is an vague WIl-ideal of A.
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Example 3.12 Let A={0,a,b,c,d,r,s,t,1} be a set as a partial ordering .Define a quasi
complement “* ” and a binary operation ” = " on A .Then a vague set S ={(0,1,0), (a,0.7,0)
(b,1,0),(c,0.7,0.56),(d ,1,0), (r, 0.7,0.3), (s 0.7,0.3), (t, 0.7,0.3), (1,0.7,0.3)} of A isvague
lattice ideal of A but S is not a vague WIl-ideal of A.

Theorem 3.13 In a H-wajsberg algebra A, every vague lattice ideal of A is an vague WI-ideal
of A.

Proof: Let A=(ma_ na) be an vague lattice ideal of A.
Clearly (i) ma©@= ma® and na® =na® forany x,y in A.
Now , x < x[]y for all x,y in A ,it follows that,

(i) Ma (%) zmA(x Uy = Ma (yo (X*Dy)*
=ma®" (xoy)")=min{ma®, ma (x-y)"}.

ma® >min{ ma®, ma(x=y)" }.
(i) NaP<na®" V=na¥" (x*0y) =" (xy)")
=max { na? , na(x=y)" }.
na® <max{na®, na(x-y)" }.
Thus A=(ma_ na) be an vague WI-ideal of A.

Theorem 3.14 Let A be lattice wajsberg algebra. An vague A=(ma, na) is an vague WI-
ideal of A if and only if the fuzzy set ma and ny¢ are vague ideals of A, where n, € (x)=1-
ny @ for any x €A,

Proof: A=(my,  ny) is an vague WI-ideal of A. Clearly, tais a vague WI-ideal of A. For any
X,y € A, we have n,°(0)=1-n, ©>1-n,®

Therefore 1, (0)=n,¢ (x) and n,¢ (x)=1-f, (x)>1-max{ na((x-y)" ), na” }
=min{1- ny((=y)"), -, ¥ }
=min{ n,° (x=y) )@ 3.
Hence, we have n¢ is vague WIl-ideal of A.
Conversely, assume that ma and ny¢ are vague Wl-ideals of A. For any x,ye A, we get
ma©@Z ma®  and 1-n,@=n,°(0) = n,°(x)

=1- n(x)

1"“‘219 == _l l FAN ;

. i

) T g - L

lw International Journal of 970
Food And Mutritionoal Sciences
LT e T e e e R



= T

IJFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES

ISSN PRINT 2319 1775 Online 2320 7876
Research paper ~ © 2012 IJFANS. All Rights Reserved,

Implies that ny ®<n, ®
my® >min{m, ((x = y)*) , my®}...... (3.14.1)
and 1- my @=m, ¢ ® > min{ m,° (x-y)" ), my¥ }
=min{1-m,((x » y)*), 1-m,®}
=1-max{m, ((x = y)*), m,®}
na® <max{n,((x > y)*), n,®}.......... (3.14.2)

Hence, from (3.14.1) and (3.14.2) we have A=(ta, fa) is an vague Wil-ideal of A.
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