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ABSTRACT—AnN edge-to-edge detour dominating set S in a connected graph G is called a minimal
edge-to-edge detour dominating set if no proper subset of S is an edge-to-edge detour dominating set of
G. The upper edge-to-edge detour domination number y,47,(G) of G is the maximum cardinality of a

minimal edge-to-edge detour dominating set of G. Some general properties satisfied by this concept are
studied. The upper edge-to-edge detour domination number of some standard graphs are determined. It
is shown that for any two positive integers a and b with 2 < a < b, there exists a connected graph
G suchthat y4, (G) = a and yd:e(G) = b.
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I INTRODUCTION

Byagraph ¢ = (V,E), we mean a finite,undirected connected graph without loops or multiple edges.
The order and size of G are denoted by n and m respectively. For basic graph theoretic terminology, we
refer to [3]. Two vertices u and v are said to be adjacent if uv is an edge of G. Two edges of G are said
to be adjacent if they have a common vertex. The distance d(u, v) between two vertices u and v in a
connected graph G is the length of a shortest u-v path in G. An u—v path of length d(u, v) is called an
u—v geodesic.

The detour distance D (u, v) between two vertices u and v in a connected graph G from u to v is define
as the length of a longest u-v path in G. An u-v path of length D (u, v) is called an u-v detour. A vertex
x is said to lie on an u-v detour P if x is a vertex of P including the vertices u and v. A detour set of G
isasetS <V (G) such that every vertex of G is contained in a detour joining some pair of vertices in
S. The closed detour Ip[u,v] consists of all the vertices lying on some u-v detour of G including the
vertices u and v. The detour number dn(G) of G is the minimum order of a detour set and any detour
set of order dn(G) is called minimum detour set of G or a dn-set of G. These concept were studied in
[2,3,5,6]. AsetS € E is called an edge-to-edge detour set of G if every edge of G is an element of S or
lies on a detour joining a pair  of edges of S. The edge-to-edge detour number d,.(G) of G is the
minimum cardinality of its edge-to- edge detour sets and any edge-to- edge detour set of cardinality
d..(G) is said to be a d,.-set of G. The edge-to-edge detour number of a graph was studied in [7]. A set
D < V (G) is a dominating set of G if for every v € V (G) \ D is adjacent to some vertex in D. A
dominating set D is said to be minimal if no proper subset of D is a dominating set of G. The minimum
cardinality of a minimal dominating set of G is called the domination number of G and is denoted by
y(G). Any dominating set of cardinality y(G) is a y-set of G. The domination number of a graph was
studied in [4]. Let G = (V, E) be a connected graph with at least three vertices.

Theorem 1.1 [5] Every end-edge of a connected graph G belongs to every edge-to-edge detour set

of G. The Upper Edge-to-Edge Detour Domination Number of a Graph
Definition 2.1. An edge-to-edge detour dominating set S in a connected graph G is called a minimal
edge-to-edge detour dominating set if no proper subset of S is an edge-to-edge detour dominating set of
G. The upper edge-to-edge detour domination number y47,(G) of G is the maximum cardinality of a

minimal edge-to-edge detour dominating set of G.

Remark 2.3. Every minimum edge-to-edge detour dominating set of G is a minimal edge-to-edge detour
dominating set of G and the converse is not true. For the graph G given in Figure 2.1, S =
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{v,v,, v;vg, V314, s} IS @ Minimal edge-to-edge detour dominating set but not a minimum edge-to-
edge detour dominating set of G.

Theorem 2.4. For a connected graph G, 2 <y, (G) < y4},(G) < q.

Proof. Any edge-to-edge detour dominating set needs at least two edges and so y,,,,(G) = 2. Since every
minimal edge-to-edge detour dominating set of G is an edge-to-edge detour dominating set of G,
Yaee(G) < val,(G). Also since E(G) is an edge-to-edge detour dominating set of G, it is clear that
Yas(G) < q.Thus2 < yg,,(G) <yq},(G) <q.

Remark 2.5. The bounds in Theorem 2.4 are sharp. For the graph G = Py, v4,,(G) = 2, v 4,,(G) = 2
and so 2 =y,,,(G) =v4,(G) and also y,, (Klq) = q for q = 2. Also, all the inequalities in the
theorem are strict. For the graph G given in Figure 2.1,q = 9,y4,,(G) = 3 and y4},(G) = 4so that 2 <
Yaee(G) <Vval,(G) <q.

Theorem 2.6. For a connected graph G of size q = 2,y,4,,(G) = q ifandonly if y,} (G) = q.

Proof. Lety,,(G) = q. Then S = E(G) is the unique minimal edge-to-edge detour dominating set of G.
Since no proper subset of S is an edge-to-edge detour dominating set of G, it is clear that S is the unique
minimum edge-to-edge detour dominating set of G and so y,,,(G) = q The converse follows from
Theorem 2.4.

Corollary 2.7. For a connected graph G of size

q = 2, the following are equivalent.

D) Ya,.(G) =q
i) yas,(G) =q
i) G = Kq .

Proof. This follows from Theorem 2.6.
Theorem 2.8. For complete graph G = Ky, v4.,(G) =

Proof. Let S be any set of 2 mdependent edges of K,,. Then S is an edge dominating set of G. We have to

prove S is a minimal edge- to -edge detour dominating set of G. If not, let X < S be such that X is a minimal
edge-to-edge detour dominating set of G. Therefore there exists at least one edge e of S with e & X. Hence e
does not lies on a detour joining a pair of edges of X and so X is not an edge-to-edge detour dominating set of
G, which is a contradiction. Hence S is a minimal edge-to-edge detour dominating set of G. Therefore

Yai,(G) = 2. Nextwe prove that y47,(G) = . If not, suppose y,4},(G) > 2. Then there exists a minimal edge-

to-edge detour dominating set S’ with |S'| > E] + 1.

Case 1. Suppose that every edge of S’ is incident with a vertex of G. Then S’ is an edge dominating set of G
and since d(e,f) =0Ve, f €S’ S is not an edge-to-edge detour set of G and so S’ is not an edge-to-edge
detour dominating set of G, which is a contradiction.

Case 2. Suppose that some edges of S’ are incident with a vertex of G and some of them are independent. Let

Y be the independent edges of S’ and Z be the independent edges of G. Hence |Z| = gand Y| < g. Then there
exists at least one edge e such thate € Z and e ¢ Y. Hence e € S'. Then e does not lie on a detour joining a
pair of edges of S" and so S’ is not an edge-to-edge detour dominating set of G, which is a contradiction. Hence
)/dee(G) =3

Theorem 2. 9 . For any two positive integers a and b with 2 < a < b, there exists a connected graph
G suchthaty,, (G) = a andy,' (G) = b.

Proof. Fora = b, let G = K, 4. Then by Theorem 2.6, y4,,(G) = v4.,(G) = a. Thereforelet 2 < a < b. Let
P:u,v,w, x be a path of order 4. Let G be a graph obtained from P by adding new vertices y;, y,, ..., ¥p—q and
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21,23, ., Zq—1 and join x with each z;(1 <i<a—1) and each y; (1 <i < b — a) and join u with each
yi(1<i<b-—a). The graph G is shown in Figure 2.2First we claim that y, (G) =a. Let Z =
{xz4,x2,,...,x24_1}. By Theorem 1.1, Z is a subset of every edge-to-edge detour dominating set of G, and so
Ya,,(G) = a. Now Z' = Z U {uv} is an edge-to-edge detour dominating set of G so that y,,_ (G) = a. Next
we show that v, (G) = b. Let S = {uy,, uy,, ..., uyp_o}. Then D = Z U S U {vw} is an edge-to-edge detour
dominating set of G. We will show that D is a minimal edge-to-edge detour dominating set of G. Let D’ be any
proper subset of D. Then there exists at least one edge e € D such that e € D’. By Theorem 1.1 e #
xzi{1 <i < a— 1}. Suppose that e = vw, then e is not dominated by any edge of G. Also it is easily seen
that the edges uv, vw and wx does not lies on the detour joining a pair of edges of G. We claim that ydje(G) =

b. Suppose that there exists a minimal edge-to-edge detour dominating set T of G such that |T| > b. By
Theorem 5.5, Z is a subset of T. Since T is a minimal edge-to-edge detour dominating set, Z’ is not a subset
of T and D is nota subset of T and uv ¢ T. Let S’" = {xy,, xy,, ..., Xy,_o}. Then T contains some edges of S
and some edges of S’. Suppose xy; (1 < i < b — a) does not belongs to T. Then the edges xy1, Xy, ..., XVp_a
are dominated by some edges of T but not lies on detour joining a pair of edges of G. Suppose
uy;(1 < i < b — a) does not belongs to T. Then the edges uy,, uys,, ..., uy,_, are not dominated by any edges
of T and not lies on detour joining a pair of edges of G. Therefore T is not an edge-to-edge detour dominating
set. Hence y,' (G) = b.
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