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ABSTRACT:

The vertex cover polynomial of a graph G of order n has been already introduced in [3].
v (G)I
It is defined as the polynomial, C (G, x) = > ¢ (G, |)xI where
i=B(G)

C(G,i) is the number of vertex covering sets of G of size i and 8 (G) is the covering number of G.
In this paper we have established a general formula for finding the vertex Cover Polynomial to the
product of P, with the complete graph K, (ie G = K; , X P,). The coefficient of the polynomial
satisfies some identities. Also we have proved that the coefficient of the vertex cover, polynomial
C(G,x)is log-Concave.
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Introduction: 1

Let G = (V, E) be a simple graph. For any vertex ve V, the open neighborhood of ve V is the
set N(v) ={u e V /uv ve E} and the closed neighbourhood of v is the set N[v] = N(v) U {v}.
For a set S < V, the open neighbourhood of S is N(S) = (J N(v) and the closed

ve S
neighbourhood of Sis N[S] =N (S) U S. Aset S c V is a vertex covering of G if every edge
uv € E is adjacent to at least one vertex in S. The vertex covering number B(G) is the

minimum cardinality of the vertex covering sets in G. A vertex covering set with cardinality

B (G) is called ap- set. let ¢ (G, i) be the family of vertex covering sets of G with

v (G)]
cardinality i and let C(G , i) = | C(G, i) |, the polynomial, C(G,x) = Y ¢ (G, i) x | is defined as
i =B(G)

the vertex cover polynomial of G. In [3], many properties of the vertex cover polynomials
have been studied.

Definition: 1.1

A graph G is an ordered triple (V(G),E(G) , ;) consisting of a nonempty set V(G)
of vertices, a set E(G), disjoint from V(G), of edges, and an incidence function s, that
associates with each edge of G an unordered pair of (not necessarily distinct) vertices of G.
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If e isan edge and u and v are vertices such that yr;(e) = uv, then e is said to join u and v ;
the vertices u and v are called the end of e.

Definition: 1.2
The degree of a vertex v in G is the number of edges incident on it.
A graph G is said to be k-regular if all its vertices are of degree k.

Every pair of its vertices are adjacent in G, is said to be complete, the complete graph on
'n' vertices is denoted by K, .

Definition: 1.3
Let C (G, i) be the family of all vertex covering sets of G with cardinality i and let

c(G, i) =|C (G, i)|. The vertex cover polynomial of G is defined as
v (G)l .

C(G,x= Y c(G,ixL.
i=B(G)

Theorem: 1

Let G = K, , X P, be any graph of order 2(n + 1), then

n+1 [n+1-j
CGn =Y | Y {0+ DCHn - (- DIG |1
j=0| i=0

Proof:

Given Ky, be any complete bipartite graph of order (1,n) and P, is a complete graph of
order 2. Let G = K; , X P, then

V(G) = {u;,v;/0 <i<n}withd(uy) =d(v,) =n+1
andd(u;) =d(v;) =2forall1 <i <n.

ClearlyN (uy) = {v,, u;/1 < i < n}; N(vy) = {u,,v;/1 <i <n};
N(u;) = {u,,v;} and N(v;) = {v,,u;} forall1 <i <n

Choose S; and S, are the sub sets of V(G) Such that

S ={u;/0<i<n}and S, = {v;/0 <i < n}

Since every w;v; € E(G) for all 1 <i <n either u; or v; € V(G) is an element in any
covering set of G. In similar uyv, € E(G). Hence either u, or v, belongs to all covering set
of G. Therefore, the covering sets with minimum cardinality of G isn + 1.
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That is
CGn+1D) ={S;{S —{wtv{w}o<i<nh{s, —{wy}u{v,v}/0<ij<nandi=*j};
{51 - {ui,uj,uk} U {vi, vj,vk}/O <ijkandi#j# k}; e
{52 - {vi,vj,vk} U {ui, uj,uk}/O <ijkandi#j+# k};
{52 - {vi,vj} U {ui,uj}O <ij<nandi qtj}; S, —{vidu{w}/0<i<n}S,}
1S =15l =n+1
Clearly, [S; —{ujju{v;}/0<i<n|=(mn+1)
1S —{wwu{viv}/0<ij<n|=m+1c,

1S1 — {uswpw } U {v v, v }/0 < i< n| = (n+ DG,

In similar,

1S, —{vijuf{y}/0<i<n|=Mm+1)C,and
1S2] = (n + 1)Cpiq

Hence, ¢(G,n + 1)

=1+(M+1DC+(+1DC+ -+ (n+1)C,

Therefore, c(G,n + 1) = 2!

Covering sets with cardinality n + 2 are Figure:1
cC(G,n+2) =

{{elements of S; with any one elements of S,};{S; — {w;} U {vi,vj}/O <ij<

nand (£

removal of any two elements (ui,uj) from S; and the corresponding pair (vi, vj)
together with another elements v, € S, /0 < i,j,k <nandi#j #k

{Sl - {any three elements u;, u;, uk} U {vi,vj, Vi, vl}/O <iLjkl<nandi#j+k+ l};

{S; —{w3u {ui,uj}/O <ij<nandi#jL{S,u{y}/0<i<n}}
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Hence, the number of covering sets of G with cardinality n + 2 is

IC(G,n+2)]={(n+ DCHOM + DC}+{(n+ DCHNC} + {(n+ DCH(n — 1DC 3
+{(n+ DCGHM —2)C} oo v e {(n+ D C Hn — (n— 2)]C1}
+{(n+ DCHn - (n - D]C,3

S 1C(Gn+2)| = Z{(n +1)CYn - (= D)G,
i=0

Covering sets of G with cardinality n + 3 are
C(G,n+3) = {elementsof S, with any two elemets of S,;
{51 —{u;}u {vi, v, vk}/O <i,j,k <nandv;,vj,v,are distinct}
{51 - {ui,u]-} U {vi,vj,vk,vl}/o <iLjkl<nandi#j+k+ l}}
In similar,

removal of any three elements from S, with the corresponding three elements of S, and
any two more elements among the remaining (n — 2) elements of S, which are
not already selected

o {52 — {vi,vj} U {ui,uj,uk,ul}/o <iLjkl<nandi#j+k+ l};
{S, —{v}u {ui,u]-,uk}/O <ijk<nand i#j#k}; {Sz uf{fu/o<i< n}}
Therefore,

c(Gn+3)={n+ DCHn+ 1C}+ {(n+1)C;InC, + {(n+ 1)C;}(n— 1)C,
+{(n+ DGH - 2)Gr+ -+ {(n+ DGz} {n— (n—3)}C;
+{n+ DC,2}Hn — (n - 2)}C,

Hence, c(G,n+3)=Y"Hn+ 1DCHn— (i — 1DIC,
Insimilar, C(G,n+4)=Y"Hn+1)CHn—-({—-1)}C
Proceeding this way covering sets with cardinality 2n are

C(G,2n) = {{The elements of S; with any (n — 1) elements of S,}; {Sl — {u;}
U {v;} with any (n — 1) elements of S, other than {v;}}; {S; — {u;, uj}

U Sz}
Therefore,
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c(G,2n) ={(n+ 1)CHn + 1)Cp_1} + {(n + D HnCp_1} + {(n + DCH(n — 1DC,— 1}

Thatis  ¢(G,2n) = Y2 {(n+ DCHn — (i — 1}Ch_yq
Covering sets with cardinality 2n + 1 are the elements of V(G) except any one element
Thatis C(G,2n+1) ={{5;US, —{u}/0<i<n}{S;US,—{r}/0<i<n}}

Thatis c(G,2n+1) =+ 1)C; + (n+ 1)C,

= Z{(n + 1)Ci}{n — (- 1)}Cn
i=0

Finally the only covering set of G with cardinality of 2n + 2 in the elements of V(G)
ieC(G,2n+2)=5,US,=C(G,2n+2)=1

Hence, the covering set polynomial of G is

n+1

€(G,x) = Z{(n +1)CHn — (i — DYIC [ 2™+ +
i=0

Z{(n +1)CHR - (i = DIC, |22 +
Li=0 |

Z{(n +1)CHn = (i = DIC, |22 +
L i=0 |

Z{(n +1)CHn — (i — 1)}C5 | x™* +

[n—(n—-2)

Z {(n+ DCGHn — (= DIC i [x*" +

[n—(n—1)

Z {(n+1DC}n - (G —-1D)C,[x?+ +

[Z{(n + DCHn — (i = 1)}Cpyq | x2
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Hence,
n+1 [n+1-j
CGX =) | Y {n+ DCHn = (@ = DIG|x™1
j=0 i=0

Hence the Proof.
Theorem: 2

The coefficient of the cover polynomial of the graph ¢ = K, ,, X P, satisfies the property of
log-concave.

Proof:

By theorem:1

n+1[n+i-j
CE =Y | Y {+ DEHn - (= DIG|xm)
=0 | =0

Hence,

ao =YX+ DCH(n -G - D)C}  ay =Xr{n+ DCH(n— G - 1))Cy}
a, =Y Hn+1¢ }{(n —(i— 1))C2} a; = XHm+ 1)C; }{(n — (- 1))C3}

2 1
any = ) Lo+ DEH(— (= D)Cuah an = ) {(+DCH(n— (= D)C)

ans = Y+ DEH(n = (= D)Cpia)

Clearly, every a? > a;_,.a;,, for all 0 < i < n. Hence, coefficient of C(G,x) satisfies the
property of log-concave.

Results:
C(G, x) is a covering polynomial of G where
G = Kl,’ll X PZ then

(i) c(G,n + 1) = 2n*t
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(i) c(G,2n+ 2) = €(G,2n) + 2[C(G,2n + 1)]
(i) ¢(G,2n) = 2n(n + 1)
(iv) c(G,2n+ 1) = 2n + 2.

The coefficient of the covering polynomial of ¢ = K;,, X P, where 3 <n < 8 is given as

below.
~l~Al~AlA~Alal~A | |9 |8 |&0 | |00 |~
< n O 0~ o (o)) i i i i i A A A A
Q Q Q Q Q O Q Q Q Q Q Q Q Q Q
Ki3XP, | 16|32 | 24 8 1
K4 X P, 32| 80 | 80 | 40 10 1
Kis X P, 64 | 192 246| 160 60 12 1
Kig X P, 128| 448| 672 | 560 | 280 84 14 1
Ki; XP, 2561|1024 | 1792| 1792| 1120| 448 | 112 | 16 1
Kig X P, 512 | 2304| 5608| 5376|4032 | 2013 | 672| 144| 18| 1
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