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Abstract

In this paper we study the effect of removal of vertices or edges and addition of edges
on the independent domination number. Based on the changes, we define six classes of graphs.
We investigate the changes and un-changes on certain special class of graphs. We also
characterize some of the classes of graphs. Further we obtain some necessary conditions and
some sufficient conditions for a graph to be a member of one of the six classes.
Keywords: Changing and unchanging graphs, independent domination in graphs, non-split
domination of graphs, CVR, CER, CEA, UVR,UER, and UEA
Introduction:

The concept of domination in graphs was introduced by Ore [27]. In 1975, Cockayne
and Hedetniemi unfolded its diverse aspects by surveying all the available results and citing its
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application potential in a variety of scientific areas. Prom then on, there has been rapid growth
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of research in this area.

Even though the concept of domination was introduced by Ore [27] in his book "Theory
of graphs 'in the year 1962, rapid growth has been made in the area only when Walikar et al.
published their monograph [32] on domination. Since then, the vistas of domination was
expanded by Graph theorists by defining hundreds of domination parameters. These parameters
are defined by imposing additional conditions on a dominating set.

The vertex set of G is partitioned into three sets according to how the removal of vertices

affect i(G). LetV =VOu V* UV~ where

Vo ={weV:i(G—-v)=i(G)}

Vt={weV:i(G-v)>i(G)}and V™ ={w e V:i(G —v) <i(G)}
Similarly, the edge set can be partitioned into
E°={e€E:i(G—e) =i(G)}and

E*t={e€E:i(G—e)>i(G)}
For example. consider the graph given in Fig 2.1
U1 #6

€1 e2 €4

°® ®
uz2  e3 <3 ed <4 €6 *0

Fig.2.1
Here VO = {uy, up, tg, us}, VY = {u3}, V™ = {us}, E° = {e;,e5,e¢} and E* = {e, €3, €4}
1.1 Changing Vertex Removal (CVR)

Theorem 1.1.1. Let G = K,,, ,(m < n) with bipartition (V,V,) where |V;| = m and |V,| =
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n.ThenV- =V, uV,ifm=nand V- =V,V° =V, ifm <n.
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Proof. If m = n, since i(G) = mwe have V= =V, UV,. Suppose m < n. Then i(G) =m
andforallveV,,i(G—v)=m—-1landsoV; CV-.ForallveV,i(G—v)=m=i(G)
andsoV, € V°. Hence V- =V, and V° =V, if m < n.

Theorem 1.1.2. If G = C,, acycle on p vertices, then V = V= u V*. Further more, V = V'~

if and only if p = 3k + 1(k = 1) and V = V° otherwise.

Proof. Let C, = (1,2, ...,p,1). Suppose p = 3k(k = 1). Theni(G) = E] =k.Forany j(1<

jSSk),i(G—j)=[3k3—_1 =k—1+1=kandso j€V° for every j. Suppose p = 3k +

2(k = 1). Now i(G) = [3"3”

3k+1] _
3

]=k+1andforanyj(lSjS3k+2),i(G—j)=[

k+1=1i(G)sothatj € V° for every j. Suppose p = 3k + 1(k = 1). Now i(G) = [%] =

k+1landforanyj(1<j<3k+1),i(G—))= *l=k< i(G)sothatj € V™ forevery j.
3

ThusV =V~ ifandonly if p = 3k + 1(k = 1) and V = V° otherwise.

Theorem 1.1.3. (a) Let S be any i (G) — setof agraph G. If v € V*, then v € S and pn[v, S]
contains at least two non-adjacent vertices.

(b) If x e V* and y € V~, then x and y are not adjacent.

© VO] = 2|v¥|

(d)i(G) #i(G—v)forallveVifandonlyifV =V".

Hence

< pn[v,S] > contains at least two non-adjacent vertices. (b) Suppose x € V*,y € V™ and
xy € E(G). As y € V™, let S, be an independent dominating set of G — y such that |S,| =
i((G)—1.1fx €S, S, dominates G; a contradiction to minimality of i(G). Suppose x & S,;
Now S, U {y} is an independent dominating set since otherwise S,, itself will dominate G.

Thus S, U {y} isan i(G) - set not containing x, a contradiction to (a) and so xy & E(G) (c) For
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each v € V*, by (a), pn[v, S] contains two non-adjacent vertices. These vertices are in vV — S
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and so again by (a), they are not in V*. By (b), v cannot have neighbours in V'~ and so these
private neighbours must be in V°. Hence |[V°| > 2|V ™|

(d) Suppose i(G) # i(G —v) forallv € V.ThenV°® = pandsov e Vtorv eV . Ifv eV,
then by (c), V° is non- empty, which is a contradiction. Hence v € V~. Converse is obvious.
Theorem 1.1.5. A vertex v € V* if and only if (a) v is not an isolate and lies in every i(G) —
set of G and

(b) No subset S € V — N(v) with cardinality i(G) dominates G — v.

Proof. Suppose v € V'*. Since every isolated vertex lies in V~, v is not an isolate. By theorem
2.2.3 (a), vliesinevery i(G) - setof G. If there exists S € V — N(v) with |S| = i(G) such that
S dominates G — v, then we get a contradiction as v € V* Conversely assume that v satisfies
(a) and (b). By (b) we observe that v & V°. By (a) we have pn [v,S] — {v} # ¢ and so using
theorem 2.2.4, we conclude that v ¢ V~—. Hence v e V'*

Theorem 1.1.6. If a graph G € CVR has order n = (A(G) + 1)(i(G) — 1) + 1 then G is
regular.

Proof. Suppose G € CVR with n=(A(G)+1)(i(G)—1)+1. By theorem 223
(d),since G € CVRwehaveV = V~. LetS; denotean i(G). setof G — u, sothat |S, | = i(G) —
1. In order to dominate the (A(G) + 1)(i(G) — 1) vertices of G — u, each element of S, must
dominate exactly A(G) + 1 vertices and so has degree A(G). Thus no two vertices in S, have
a common neighbor. To prove G is regular, it is enough to prove that for any arbitrary vertex
x,x € S, forsome u. Let r € S,.. We prove that x € S,.. Suppose x ¢ S,.. Since G € CVR S, N
N[r] = ¢. Each vertex in S, — {r} dominates a unique vertex of S,.. So the remaining vertex
in S,- which is not x, must be dominated by S, and so must be dominated by r, which is a

contradiction as S, N N[r] = ¢. Hence x € S, and so G is regular.
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The following are immediate.

Theorem 1.1.7. Let G be a graph with A(G) = p — 2 and v be a verter of degree p — 2 such
that V — N[v] = {u}. Thenu e V~.

Corollary 1.1.8. If G is (p — 2) -regular such that p # 2 thenV =V~

1.2 Changing Edge Removal (CER)

Theorem 1.2.1. A graph G € CER if and only if G is a galaxy, i.e. a forest in which each
component is a star.

Proof. If G is a galaxy, clearly G € CER. Suppose G € CER and let S be an i(G) - set of G.
There can be no edge between two vertices in V — S since otherwise S will still dominate G —
S if such an edge is removed. Also every vertex of degree at least two must lie in S. Thus G is
a union of stars and so a galaxy. O

Theorem 1.2.2. If B, is a path on p vertices where p = 3k(k = 1) then E = E° U E* where
E° ={e; 3 j = 0(mod3)}and E* = {e; 3 j = 1,2(mod3)}.

Proof. Let B, = (1,2,...,p) and let e;, e, ...,e3,_; be the edges of B,. Then i(B,) = k.
Consider B, —e;(1 <j <3k —1). Let B, —e; = P; U P, where

P, =(1,2,..,j) is a path on j vertices and P, = (j + 1,j + 2,...,3k) is a path on 3k —j
vertices.

Case (i): j = 0(mod3)

Now 3k — j = 0(mod3) andso i(B, — ;) = i(Py) +i(Py) = || + [*2| =L+ E2 =k =

3 3
i(7,)
Case(ii): j = 1(mod3)
Now 3k — j = 2(mod3) and so

3k—j—2+1_ak+3
3 -3

ok— i -1
i(Pp—ej)=[]§]+[ 3]]=13 +1+ =k+1=i(R)+1
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Case(iii): j = 2(mod3)

Now 3k — j = 1(mod3) andso i(P, — ¢;) = [%] + [%T_j =i_TZ+1+3k_3$+1 =k+1=
i(P5) +1. Hence E°={e; 3 j=0(mod3)} and E* ={¢;3> j=1 or 2(mod3)}. O
Theorem 1.2.3.. If B, is a path on p vertices where p = 3k + 2(k = 0) then E = E° UE*
where E® = {e; 3 j = 0 or 2(mod3)} and E* = {¢; 3 j = 1(mod3)}.

Proof. Similar to Theorem 2.3.2.

1.3 Changing Edge Addition (CEA)

Example 1.3.1. If G = K, then G € (CVR) U (CEA).

Theorem 1.3.1. No path is in the class CEA.

Proof. Let P, = (1,2, ...,p) and ey, e, ..., e,,_1 be the edges of B,. If p = 0 or 2(mod3), then

let e = (1,3). In the first case, i(P,) =i(P, +e) =7 and in the second case i(P,) =

i(B, +€) =[}] 1f p = 1(mod3), let e = (1,p). Now i(B,) = i(B, +¢) =[] and 50 no
path is in the class CEA. O

Remark 13.1. If G is a graph with A(G)=p—1 such that GK,, then G is
not in the class CEA.

Theorem 132. If G=Ky,,(m<n) then Ge€CEA if and only if m=n.
Proof. Let G = (X,Y) where X = {xy, x5, ..., x,n} and Y = {y;, ¥, ..., ¥n}. Suppose G € CEA
and m # n. If e = (y4,y,), then i(G + e) = m = i(G) which is a contradiction. Conversely,
suppose m = n.i(Ky,,,) = m and for all edges e = (x;,x;) or (v, y;)(1 < i,j <m,i#)),
we have i(Ky, +e) =m—1 % i(Kpn,) and so Ky, ,, € CEA. O

Theorem 1.3.3. Let G be a graph with i(G) = 2. If G € CEA then G is a galaxy and if G is a

galaxy with at lenst two components then G € CEA.
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Proof. Since i(G) =2 and G € CEA, we have i(G + e) = 1 Ve € E(G). Hence for e =
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(u,v) € E(G) at least one of u or v is of degree p — 1 in G + e and so every edge in E(G) is
a pendent edge. Thus G is a galaxy. Conversely, by adding any edge from E(G) in G, the
respective pendent vertex in G becomes an universal vertex in G + e. S0 i(G +¢e) = 1 Ve €
E(G) and hence G € CEA.

1.4 Unchanging Vertex Removal (UVR)

Example 1.4. 1. If G = K, thenV = V% and so G € UVR.

2. If G is a unicyclic graph obtained by drawing an edge between a vertex of a cycle C5;, and a
pendent vertex of a path P;; then G € UVR.

Lemma 1.4.1. Let G be any graph with §(G) = 1. If V° =V, then every support is adjacent to
exactly one pendent vertex.

Proof. Suppose u is a support which is adjacent to two or more pendent vertices. If there exists
an i(G) -set containing u, removal of u increases i(G). If not, removal of any pendent vertex
adjacent to u decreases i(G). These contradictions prove that every support is adjacent to
exactly one pendent vertex. O

Remark 1.4.1. Converse of lemma 2.5.2 is not true. If G = P, V°(G) # V(G).
Definition 1.4.4. Two supports u and v are said to be consecutive if the unique u — v path
contains no other support.

Theorem 1.4.2. Let T be atree. V(T) =V, if and only if every support is adjacent to exactly
one pendent vertex and d(u, v) = 2(mod3) for any two consecutives supports u and v.
Proof. Suppose that every support is adjacent to exactly one pendent vertex and d(u,v) =
2(mod3) for any two consecutive supports u and v. Let u and v be two consecutive supports.
Let u = uy,uy, ..., u, = v be the u — v path wheren = 0(mod3). Let S be any i(T) - set.

Without loss of generality we can assume that {u = uy, us, 5, ..., v} € S. Foru; € Swith1 <
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i <n,S —{u;} does not dominate u;_,. For u;,i = 1ton,S — {u;} does not dominate v;, the
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pendent adjacent to u;. Removal of any other vertex in T does not change i(T). Hence V° = V.
Conversely, assume V° = V. By lemma 2.5.2, every support is adjacent to exactly one pendent
vertex. Suppose there exists two consecutive supports u and v such that d(u, v) # 2(mod3).
Case(i), d(u,v) = 0(mod3)

Let u = uq,uy, ..., u, = v be the u — v path where n = 1(mod3). Without loss of generality
we can assume that if S isany i(T) -set then {u,, uy, ..., u,} € S. Now S — {u,} increases i(G)
since now u5 is not dominated by this set. Hence u, ¢ V° which is a contradiction.

Case(ii), d(u,v) = 1(mod3)

Let u,, v, be the pendent vertioes adjacent to u and v. Let S be any i(T) — set. Since u, v are
adjacent, without loss of generality, we can assume that {u,, v;} € S. Now S — {v, } decreases
i(T) and so v, &€ V° which is a contradiction. Thus d(u,v) = 2(mod3) for every two
consecutive supports u and v. O

Corollary 1.4.6. If G = P, then V° = V ifand only if p = 3k 4+ 2(k = 0).

Theorem 1.4.7. For any tree T with at least two vertices, V° # ¢.

Proof. Let u be a pendent vertex and v be the support adjacent to u. Every i(T) - set S of T
contains either u orv. Ifu € S,v € V% and if v € S,u € V°. Thus V° # ¢.

1.5 Unchanging Edge Removal (UER)

Example 1.5.1. (i) If G = C, then E = E® and so G € UER.

(ii) If ¢ = K, then G € UER.

(iii) If G = K, ,(m,n > 2) then G = UER.

Theorem 1.5.1. If B, is a path on p vertices where p = 3k + 1(k > 0) then E® = E

Proof. Let B, = (1,2,...,p) and let e;, e,, ..., e3;, be the edges of B,. Then i(P,) = k + 1.
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Consider B, —e;j(1 <j < 3k). Let P, —e; = P, U P, where P; = (1,2, ...,j) is a path on j
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vertices and P, = (j+ 1,j+2,..,3k+ 1) is a path on 3k + 1 — vertices. Case(i). j =
0(mod3)

Now 3k + 1 — j = 1(mod3) and so

3k+1- 3k+1—j—-1 3k + 3
i(h—e) = l(P1)+l(Pz)—[3l [ * ]l ]§ + 3] 1= 3+
=k+1= i(Pp)
Case(ii). j = 1(mod3)

Now 3k + 1 — j = 0(mod3) and so

i1 rak+1—-j1 j—1 3k+1—i
i(Pp—ej)=i(P1)+i(P2)=]§I+[ ]]=] +1+T=k+1
:i(Pp)
Case(iii). j = 2(mod3)
Now 3k + 1 — j = 2(mod3) and so
j—2 3k+1—j—2
i(Pp—ej)=i(P1)+i(P2)=JT+1+ 3] +1=k+1=1i(P,)

Hence E° = E.

Proposition 1.5.3. For any connected graph G, G o K; € UER.

Proof. Let V(G)={v,vy..,vp} and EG)={eez...,e4}. If S={u,1<
i <p}{d;1<i<p}arethesets of pendent vertios and pendent edges of G o K; respectively,
then S is a minimum independent dominating set of G o K; and so i(G o K;) = p. Also
i((GoKy)—e;) =p forevery 1 <i < gq. Consider (G  K;) — d; where d; = vju;, Since G
is connected, there exists a vertex v, € V(G) such that v, is adjacent to v;. Now S — {u;} U

{v;}is an i(G) -set of G o K; and so z((G K)) — ) pforall1<j<p.ThusGoK,; €

UER. O
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1.6 Unchanging Edge Addition (UEA)

Example 1.6.1. (i) If G = mK, then G € (CER) n (UEA).

(i) If G = K, ,_4 then G € (CER) n (UEA).

(ili) It G = K, — e then G € UEA.

Theorem 1.6.2. If P, is a path on p vertices, then B, € UEA ifand only if p = 3 orp = 3k +
2(k = 1).

Proof. Suppose P, € UEA. Let p =3k. Let P, =(1,2,...,3k) and suppose that k > 1.
Consider the edge e = (2,5). Then i(P, + e) = k + 1 whereas i(P,) = k and so P, & UEA
which is a contradiction. Hence p # 3k(k > 2). Similarly if p=3k+1 with e =
(1,3),i(P, + e) = k whereas i(P,) = k + 1 and so B, € UEA which is a contradiction. Hence
n # 3k + 1 and so either p = 3 orp = 3k + 2.

Proposition 1.6.3. A cycle C,, € UEA if and only if p # 1(mod3).

Proof. Suppose C, € UEA and p = 1(mod3). Let p =3k + 1 and C,, = (v, vy, ..., V3g41)-
Then i(C, + e) = k where e = (v;,v3) and i(C,) = k + 1. This violation of the assumption
helps to conclude that p # 1(mod3). Conversely, if p = 0(mod3) or p = 2(mod3), it is easy
to observe that C, € UEA. O

Proposition 1.6.4. Let T be a caterpillar in which altermate vertices are supports and at most
one support is adjacent to two or more pendent vertices. Then T € UEA.

Proof. By choice of T, the set of all supports S is a minimum independent dominating set.
Suppose an edge is drawn between two supports u and v where u is one which is adjacent to
exactly one pendent vertex. Then S — {u} U {w} is a minimum independent dominating set
where w is the pendent vertex adjacent to u. Addition of any other edge leaves S unaffected

andsoT € UEA. O

612


http://www.ijfans.org/

e-ISSN 2320 —-7876 www.ijfans.org

Vol.11, Iss.9, Dec 2022
© 2012 IJFANS. All Rights Reserved

Remark 1.6.5. If the caterpillar described in proposition 2.7.4 has two or more
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supports which are adjacent to two or more pendent vertices, addition of an edge between these
supports increases i(G) andso T ¢ UEA.

The hypothesis of proposition 2.7.4 is not necessary. For example, P; € UEA but P,
does not satisfy the hypothesis of proposition 2.7.4.
Proposition 2.7.6. If V~ is empty then G € UEA.
Proof. Suppose G € UEAandv € V™. Theni(G —v) < i(G) andletSbeani(G) - setof G —
v. Clearly N(v) n S = ¢p. Now adding an edge e = (v, u) forany u € S we have i(G + e) <
i(G) which is a contradiction. Hence V"~ is empty. O
Remark 1.6.7. Converse of proposition 2.7.6 is not true.

Conclusion:

we obtain several results on changing and unchanging independent domination number

of a graph.
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