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Abstract

The main object of this paper is develop the sufficient conditions for the unigueness and existence of
at least one v -stability solution for the semi linear differential equation x = A(t)x + bt} £ Fit.x)
on A with the help of standard principles Schuader Tychnoff theorem. and Banach contraction
principle
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Introduction

The aim of this paper is to give the sufficient conditions for the semi linear differential equation
x = Aldx + B(t) + f(t.x) - (1.1)

has at least one w -stability solution on &. where 4 € R™" fe &= RE" and f(t.0) = 0. and bt} is any
stability, continuous function. Here v is a continuous matrix function on &.

The main concept under consideration is to find the sufficient conditions for the existence of a
solution under some specified stability ness conditions. A fundamental result of this type, for system
of differential equations is studied by Coppel [5, Theorem 4, Chapter V].

The problem of w-stability solutions for systems of ordinary differential equations has been
studied by many authors like[1- 4,7-10, 12, 13]. The extension of the concept of w -stability
solutions to Lyapunov matrix differential equations was studied in [11, 14]. The function w is
consider as a scalar continuous function In the papers [5, 6], and it is a continuous matrix function.
The introduction of the matrix function in papers [3, 6 — 11, 14, 15] . v permits to obtain a mixed
asymptotic behavior of the components of the solutions.

The existence of i-stability solutions for semi-linear differential equations on R was not yet
discussed. So, here we develop the sufficient condition for existence of 1-stability solutions for semi

liner differential equation (1.1)
2. Preliminaries:

Definition 2.1 [10] Denote A" the Euclidean n-space. Forx = {x,.x.x;....x, € 8", we define
x| = max o, Llxg | )} be the norm of x.

Definition 2.2:[10] For a nxn real matrix 4 = (a; ) .

We define the norm [|41] = "7 |l4x]). Itis well-known that |A|= "**E7_;|as

Definition 2.3 [10] Let w; : R — (0,= ),i=1, 2,.....n, be continuous functions, we define
W = diag [P Yool ,
Then it is the invertible matrix function on R.
Definition2.3. [10]A function ¢ : & — &" is said to be ¥ —bounded on & if w4 is bounded on .

By a solution of (1.1), we mean a continuously differentiable function: # — B" satisfying the
system for all t = 7.
Let A4 be a continuous n xn real matrix and the associated linear differential system y = A(tly
(1.2)
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Let ¥ be the fundamental matrix of (1.2) for which ¥(0} =1, (identity » %= matrlx)

Let the vector space E™ be represented as a direct sum of three subspaces x_.%;.Xx. such that a
solution y(t} of (1.2) is v -stability on 7 if and only if ¥(0) X, and ¢ -stablllty on R. =[0.22) if and
only if y(0) e X_ = X,.

Also let P_,.F.. P, denote the corresponding projection of £* onto X_.%,.X. respectively.

In the general case Where (=0 , the solution for (1.1) is as follows.

x(t) = I-._ VP, Vs fls x(s))ds + I V(IR YV s)f (s, x(s))ds — I '«'*IH V=1 (s) f(s. x(s))ds.

For S|mpI|C|ty assume that the homogeneous equation (1.2) has no non-trivial stability solution
(% =0).

The trivial solution of the vector differential equation x ' = f(t,x) (where x € R n and f is a continuous
n vector function) is said to be W—stable on R+ if for every € > 0 and every t0 € R+, there exists 6 =

d(&,t0) > 0 such that any solution x(t) of the equation which satisfies the inequality k W(t0)x(t0)k < 5,
exists and satisfies the inequality k W(t)x(t)k < ¢ for all t > t,.
The following two lemmas are useful in proving the main results.

Lemma2.1.[6] Let ¥t} be an invertible matrix which is a continuous function of t on % and let F be
a projection. If there exists a continuous function ¢ : £, — (0.%) and a positive constant i such that

s . P N S Y | 1 " - - o .
Jo wlsd] wleIVEIPY s~ ()| ds =M, forall tzo0,

n

=1 [ pisids

and [, o¢(s)ds = += | then there exists a constant i = 0 such that | w(£1¥(£12] = Ne="" == for all
t= 0

Consequently, lim,_.. | (& V(£ P = 0.

Lemma2.2.[6] Let ¥t} be an invertible matrix which is a continuous function of t on &~ and let 7 be
a projection. If there exists a constant 4 = 0 such that J, | w(EV (£ Py —*(s)y~*(s)1ds = &, forall ¢ =
then for any vector x, € £° such that Px; = 0. lim,__sup || w(t)¥V(t) Pxy| = +e0.

3. Main Results

In this session , we develop the proofs for main theorems.

Theorem 3.1. Assume there are supplementary projections F_;.7. and K is a positive constant
satisfies

[l

[ @Y P, ¥y () ds + [ [w@Y @Ry (s)w1(s)|ds < K. (3.1)
Let fit.x) be acontinuous function such that
wle) [fltx) — Fle. vl < el & — 9] ——-- (3.2)

for -—-m<t<wm
function such that
Bl = sup_oeren | lp(B)b(e) ]| < G':;ﬂ:. -------- (3.3)

then the equation (1.1) has a unique w-stability solution xit) for which |ju= | = p.

Proof. By using the lemmas 1.1 and 1.2 the condition (2.1), we got that that |w(ti¥isiP_,£l is
unbounded for t = 0 if P_.# = 0and stability for t = 0. and that w1V (tJF. £ is unbounded for ¢t = 0
if B =0and stability for ¢ = 0. Hence (1.2) has only trivial stability solution.

Define ¢, ={x:R—=R*: xis w-stability and continuous on =& such that |lwxl|= 2} and
x|y = ;3 Wt x(£)

Clearly this definesanormon ¢, and ( ¢, ,ll.1l;) is a Banach space.
Let T be a function and for any v -stability continuous function x(t}defined by

yMwxe |l = o, [lwy|l =g, where X = 1. Then if b(t} is any stability, continuous

Tols) T kPP N T I P ¢ P
xlt | = | .__'-'I..__I.!"_.- ¥ '\_\,_.l-[d'-\_\,_.l —f'.__;.r'\:_.l __.':G: - _|._ .'.'"-\n._.l."f- ¥ '\_\,_,l{d'\}_.l —f'.___\,.l"\_\,_.l__.':ﬂ_\,. (34)
Take |lyTx(
— L £ . ST [ S S L N L T i P T
= _|_== ' |"" |"'al“ i, |h,- i, |h,-'_\,|-[d' I+ f'.x;\,.r'\},".':ﬂ}
I‘_-I +-I _I_.-,-.I_.-,-.Ix-hi,\ i P TR
— Yl k) l"n. Iy I\_\,JI:*. 'x.*.,l?g.-'x.\._.l{d'x.*.,l —f'.ﬁ.r'x},',.'; a5

EIVIiRE V-Lis)
o o Z

[ Il £q K

T b x".-l 1

=1 . PR A i PR ™
\;\,_.l?f.- '\:_.l as "g..-'\}_.l{d'\}_.l —f'.__;.):"\}_.l__.':
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= ol — akK) + Ko w';,lru,l
< pll — aK) + Ke|ll),
=

=p

Which gives Tx(t) = ¢, and henceT:. ¢, — C,.
Now, we will derive that T is a contraction mapping on C,,.
Take :Iif';'_x — T;.':l =

ol B R [ N i L S S B i PRI
| @Y Py ¥~ (shyp 2 (sdypls) (B (s) + Fls x(s))}ds
PRy L L £ e
- | w (¥ Fo V= lshe™lslwis) (bls) + f(s xis)}ds
o

-t PR B S I R
_[_|__’ i TP, ¥ RLES e o) ST {ul\s__l _fllxsl:.l-.lxs__lall;-ﬂs

- |’ PE VB RY LSy sy ls) {bls) + Fls y(s)ds)Y

[,

=
Fe s e O =1/ 1rla A rr e o onr—=1 Y
:f:‘"x:.-ll’l.‘fi_ln"'_: ¥ '\:_.l?f:a szl oz + 1e ?f:-'\f,ll’le__l."':l’ '\:,_.l?f:- [ ﬂ_\,] u.a-\_\,l fl_\, ?"\_\,l I—fl =, 3 '\_\,ll]

Hence |ITx — Tyl|, = [lx — ¥l
Therefore, we conclude that on €. T is a contraction mapping Hence by using Banach contraction
principle, we conclude that T has a unique fixed-point x(t) on ¢, . Thus, for which ||v x|| = z. the
semi -linear differential equation (1.1) has a unique fixed point.

Now Conversely assume that , if x(t} is a solution of (1.1) such that ||w x| =2 then
v=x—Tx isaw —stability solution of the linear equation (1.2) , therefore y = 0.
This gives the proof.
If (1.1) in Theorem (2.1) is replaced by the stronger condition, then we have the following theorem.

|.".

Theorem 3.2. Suppose that
(i) P_, P, are supplementary projections and a positive constant & satiesfies for -w <t <«

Fiher i Tr— —q(t-3) I
YWV EP_, ¥ sy t(s)| < K oot for; o |
e N S " o o™ el
r 2 —a = —a = l * R
PtV (EI PRV sly~ ()| = Ke PO for t = s,

where K, .X..c.[ are posmve constants.
(i) For non-linear function 7z, x(t)} satisfying
wit) fle. x| = vl x|,
where I;i——l = 1. Then, has at least one w-stability solution exists for the nonlinear differential

equation (1.1) on A.

proof. We prove this theorem by means of Schuader-Tychnoff fixed point theorem. Let ¢ denote
the set of all continuous functions fort = t,

Let F denote the subset of those continuous functions x(t} for

which |ly(£x(s)l| = 5. Let T:F —F defined by (2.3).

Result (1). T is continuous, let {x,(t1}  F be such that x,(t) — x(t3 uniformly on any finite interval

—_—
.llcr[!

consider |lw(Tx,(t) - Tx(t))

T T L T L S Y TSR

. . g e e
=|| S ¥ Py ¥~ sdyp (s (s) {b(s) —f' s, ;r'“\sl.' lds

s S R P i P T
- :f»-"u...ll"\n...ln"f- ¥ '\_\f..l?ff '\b..l?f.‘-'\_\,_.l {J'\;\,_J —f'.\;.):',..'\_\,_.ll_.':ﬂ}

nl O T e Y I i WP [ L WU (g g i PRSI
-[ Y PO Vo rlshy ™ s )yls) bls) + Fls xls) lids
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~~~~~~

P e S S TP b i
— | WV R Vs slylsl [bls) + fls, xls) )

—Glz-t)

. oar T —glt=2] £ T TN i T 1 P w © i RN k]
=K, | . e™™ Pl s xn(s)) — FlaxEN]|lds + K, |, e Wwis)[fis.x,ls) — fls, xis) )])|ds

< Ky [ e 196) [r-2) ] | ds + Koy e 50| 3 () x,(e)- x(] |10

Since x,(t) — x(t), it follows that Tx,(t) — Tx(z} uniformly on any interval, ] ¢ &.
Result (2). TF is uniformly stability.
Consider | wTx(E] =

o E

.y L - PO o i o e " . S T g | PO o i P T .
Ky )70 |Jpis{bis) —f'.xs.rks,',.';|as +H; [ e77 |:,4>'xs,'{u'xs,' + flsxls))|ds

: "L —alt=2 T - T N
= Kyyl e =l wlslxlslll ds + Koy I, e7"F7 71w (slx(s)l| ds

==

_(EL L Fay
ey (o4, )=e

Hence the functions in the image set TF are uniformly stability and since Tx(t) is a solution of the
non-linear differential equation (1.1), their derivatives are uniformly stability. Thus the functions in
TF are equi-continuous and hence all the conditions of Schuader-Tychnoff theorem are satisfied.
Hence T has at least on fixed point in F.

Thus the non-linear differential equation (1.1) has at least one v —bounded solution on &.

Theorem 3.3. Let Y (n) and Z(n) be fundamental matrices of (1.1) and (1.2). Then,

(i) the trivial solution of (1.2) is W-stable on N if and only if there exists a positive constant M such

that j| Z(n)®w(n)Y (n)|<M forallnin R

(i) the trivial solution of (1.1) is W-uniformly stable on N if and only if there exists a positive
constant M such that R

Proof. Suppose that the trivial solution of (1.2) is W-stable on N. From Lemma 2.3, it follows that the
trivial solution of the corresponding Kronecker product vector differential equation (2.2) isl  ®yw
stable on N. From Theorem 5.3.1, Lemma 5.2.8 and Lemma 2.1.2, it follows that there exists a
positive constant M such that the fundamental matrix W = Z(n)Y (n)

of (2.2) satisfies the condition

T| I, ®Z(N)®y(n)Y(n)|<M forallnin R

(1, ®w (MW ()| =|Z(nN) ®(w(n)Y (n))| <M forallneN---(3.1)

Conversely, suppose that there exists a positive constant M such that

|Z(n) ®(z//(n)Y(n))| <M forall n e N. Again, from Lemma 2.1.2, the fundamental matrix
W(n)=2Z(n)®Y (n) of the (2.2) satisfies the condition (3.1). From Theorem 5.3.1, it follows that the
trivial solution of the equation (2.2) is |, ® y -Y-stable on N. Thus from Lemma 2.1, the trivial

solution of the (1.2) is W-stable on N.
The proof of part (ii) is similar, hence we omit it.

Next, here, we obtain sufficient conditions for W-stability of trivial solution of non-linear matrix
differential equation (1.1).

Theorem.3.4.

Suppose that:

i)The linear differential equation (1.2) is W-stable on R

ii) there exists a sequence ¢: N — (0,00) and a positive constant L such that the fundamental

matrices Y(n), Z(n) of (1.2), (1,3) satisfies the condition
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Zn:ﬂ}q:-{:m<:z<::n}z-1{:s + 1)@ @MYMY 1+ Dy 0+ 1| =LneN
-

(i1) F(n, X(n)) , the non-linear matrix function , satisfies

ly(n+1)F(n, X ()| < %Wx(n)x (n)| - (3.2) where nonnegative sequence a(n) satisfies

sup@ <% foralln,n, e N and X (n) e R™" ------- (3.3)

nzn, ¢(n)
Then, the trivial solution of the semi linear differential equation (1.1) is V- stable on R.

Proof. From condition (3.2) and Lemma 2.2, we have
0

(1, ®p(n+1) F(n, X ()| <[y (n+ D F (n, X ()|

O

s% (1, @y M)(F(n, X (n)

0 2
Foralln,nginNand X(n)eR™.

From Lemma 2.1and Theorem 3.2, it follows that the trivial solution of the corresponding Kronecker
product vector differential equation (2.1) is |, ®y - stable on N. Thus, from Lemma.2.2, the trivial

solution of matrix differential equation (1.1) is V- stable on N.

Results: In this paper, we derived the W- stability solution for semi linear differential equation on R, with the
help of Banach contraction principle.

Conclusions: The semi-Linear differential equations plays very important role in more fieds like
stochastic process , dynamical systems, Data structures probability and. So, for that reason here
we developed the conditions for existence the Y- stability solution of nonlinear differential system.
This work will be helpful for developing the existence of y-bounded solution for semi-linear and
semi nonlinear differential system.
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