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ABSTRACT: In this paper we have defined and proved that the ; 5-/-closure is a Kuratowski
closure operator on the ideal topological space (X, z, I). Also, we have introduced 5.1-

kernel, ; 5-I-derived set, ;;-I-Border, ;5.I-Frontier and ,-I-Exterior. Its characterization and
properties investigated and exploredin ideal topological space.
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1.INTRODUCTION

Local function in topological space using ideals was introduced by Kuratowski . The notion of
ideal topological spaces was studied by Kuratowski [10] and Vaidyanathaswamy . Jankovi c and
Hamlett investigated further properties of ideal topological spaces. The generalized closed set in

ideal topological spaces namely ,-I-closed set has already been introduced . The aim of this
paper is to prove that the ,s-/-closure is a Kuratowski closure operator on the ideal topological
space (X, 7, I). Also, we have introduced ,;-I-kernel, g I-derived set, ,5-I-Border, ,g-I-

Frontier and ,4-/-Exterior. In particular, its characterization and properties analyzed

2. PRELIMINARIES

An ideal 7/ on a nonempty set X is a collection of subsets of X which satisfies the following
properties: (i) Ae/and B < A implies Be 7 (heredity) (ii)) Ae/and Be/ implies AUBE [finite
additivity). An ideal topological space is a topological space (X, 7) with an ideal 7on X, and is
denoted by (X, 7, 7). Given an ideal topological space (X, z, /) and if P(X) is the set of all
subsets of X, a set operator (.)" : P(X) — P(X), called a local function of A with respect to z and
fis defined as follows: for AcX, A" (3, t) = {xeX:U NA¢/for everyUet(x)} where 7(X)={Ue :
xeU}, when there is no chance for confusion A* (I, 7) is denoted by A". For every ideal
topological space (X, /) there exists a topology 7~ finer than z, generated by the base B(l, ) =
{U\K:Uetand Kel}. In general, B(I, 7) is not a topology. A subset A of a space (X, ) is f-open
or semi-pre-open [1] set if Accl(int(cl(A)))]. The complement of S-open or semi-pre-open set is
pB-closed or semi-pre-closed. The semi pre-closure of a subset A of X, denoted by spcl(4) is
defined to be the intersection of all semi-pre-closed sets containing A. The semi pre-interior of a
subset A of X, denoted by spint(A) is defined to be the union of all semi-pre-open sets
contained in A,

Lemma 2.1 [12]Let (X, 7, | )be an ideal topological space and A = X. If A = A", then A* =
cl(A*) = cl*(A) = cl(4).

Definition 2.2 [16] Let (X,7) be a topological space. A subset A of X is said to be w-closed if
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cl(A) €U whenever ACU and U is semi-open.
Definition 2.3 [16] A space (X, 7) is called a T, —space if every w-closed set in it is closed.
Definition 2.4 [9] Given a topological space (X, ) with an ideal lon X and if P(X) is the set of
all subsets of X, a set operator ()™ : P(X) — P(X), called a semi-pre local function or g-local
function of A with respect to z and 7 is defined as follows: for AcX, A,.(I, 1) ={x€X: Un
A&l for every U € BO(x)}where the family of semi-preopen sets fO(x) = {U € BO(X) :
x € U}, when there is no ambiguity, we will write simply A, for A,.(I, ).
Lemma 2.5 [9] Let (X 7, | )be an ideal space and A, B subsets of X. Then, for the
S-local function, the following properties hold:

1. IfAcB, thenA,, c B...

2. A,.=spcl(A,,) cspcl(A) and A,.is B-closed in X.

3. (An)CEA..

4. (AUB).« = A,,UB,,

5. (AnB)«=A,, N B,,

Definition 2.6 [9]A subset A of an ideal space (X; z, I} is said to be ,;.I-closed set ifA-Cint(U)
whenever ACU and U is w-open in X. The complement of _;.I-closed set is said to be ;5./-

open. The family of all ;;./-open sets is denoted by ;45-/O(X, 7).

Definition 2.7 [9] A subset A of an ideal space (X, 7, I) is said to be
1. semi-pre *- closed if A,, € A.
2. *-semi-pre dense if A € A,,.
3. semi-pre *- perfect if A,, = A.

Remark 2.8 [9] Every closed (resp. open) set is ;z-I-closed (resp. ,z-I-open) set.
Lemma 2.9 [9] Inan ideal space (X, z, I),

(1) Every member oflis j4-/-closed.
(i) A.. is gg-I-closed for every subset A of X.

(iii) If I ={¢},then A.. = spcl(A) and hence ,z-I-closed sets coincide with
B*-closed sets.

Theorem 2.10 [9]Let (X, 7, 1) be an ideal topological space and A € X. Then the following
statements (1), (2) and (3) are equivalent and (3) implies (4) and (5) which are equivalent. (3)
implies (1) if (X, 7) is a T,— space.

1) Als yg-I-closed.

2) spcl(A..) C int Ufor every w-open set U containing A.

3) Forall x € spcl(A,.), wcl({x}) NA + ¢

4) spcl(A..) — A contains no non empty w-closed set.

5) A.. — Acontains no non empty w-closed set.

Lemma 2.11 [9] If A and B are subsets of (X, z, ) then(A N B),, ¢ A,, N B,,
Remark2.12 [9] Every *-closed set is semi-pre-x-closed but not conversely, since A,, € A, S
A* C A.

3. gpI-closure and g g.I-interior in ideal topological space
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Definition3.1: For every set E c X, we define the ,z.I-closure of E to be the intersection of all
gp+I-closed sets containing E.

In symbols, gﬁ*lcl(E) =N {A :EcA A€ gﬁ*IC{’(X, T)}wheregB*IC(X, 7) is the family of all
gp+I-closed sets in X.

Lemma3.2:ForanyE c X, E c gﬁ*lcl(E) c cl(E).

Proof: Follows from the Remark 2.8.

Lemma 3.3:1f A c B, then gﬁ*lcl(A) c gﬁ*lcl(B)

Proof: Clearly follows from Definition 3.1.

Remark 3.4: .I-closure of a set need not be ,-I-closed.

Theorem 3.8:If gB*IC'f(X, 7) is closed under finite union and intersection, then gﬁ*l-closure isa
Kuratowski closure operator on X.
Proof: Since ¢and Xare g 5-I-closed, by Lemma 3.6,we getz-Icl(¢) = ¢ and

gplcl(X) = X.
(1) E c yp-Icl(E), by Lemma 3.2.
(2) Suppose E and F are two subsets of X, then by Lemma 3.3,we get
gﬁ*lcl(E) c gﬁ*lcl(E UF) andgﬁ*lcl(F) c gﬁ*lcl(E UF). Hencegﬁ*lcl(E) V] gﬁ*lcl(F) c
gplcl(E UF). Let E be a subset ofX and Abean ,,./-closed set containing E. Then by
Definition 3.1, gﬁ*lcl(E) c Aand gelcl (gﬁ*lcl(E)) c A. Hence, p-I-closure is a

Kuratowski closure operator on X if gﬁ*IC’{’(X,r) is closed under  finite union and
intersection.

Definition 3.9: Let 7 gl be the topology on X generated by ,4-/-closure in the usual manner.
g *

Thatis, z = (U gpelcl(UC) = U},

Proposition 3.10:|fgﬁ*IC€(X, 7) is closed under finite union and intersection, then =t Iis a
gB*
topology for X.

Proof: By Theorem 3.8, ;-I-closure satisfies the Kuratowski closure axioms, = is a
gB*

topology on X.

Proof: Clearly follows from the Definition 3.12.

Remark 3.16:The converse of the Proposition 3.15 is not true as seen from the following
example.

Example 3.17:Let X = {a,b,c,d}, T = {¢, X, {a, b}}and the ideall = {¢,{c}}. For the set 4 =

{c,d}, apl int({c,d}) = {c,d} but A = {c,d} is not gp-1-open.

4. CONCLUSION
In this paper we have defined and proved that the -/-closure is a Kuratowski closure operator
on the ideal topological space (X, 7, I).Furthermore, we have introduced g.I-kernel, .I-

derived set, ;;-I-Border, ,g.I-Frontier and ,,./-Exterior. In particular its characterization and

properties investigated and explored in ideal topological space.
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