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1.Introduction:

In 1965, Zadeh[9] introduced the notion of a fuzzy subset of a set as a method of
representing uncertainty in real physical world. The concept of intuitionistic fuzzy subset was
introduced by Atanassov[3] in 1986, which is a generalization of the notion of fuzzy sets. In
1966, Imai and Iseki[6] introduced the two classes of abstract algebras, viz., BCK/BCI-algebra.
It is known that the class of BCK-algebra is a proper subclass of the class of BCI-algebras.
Later the author have studied direct product of doubt intuitionistic fuzzy ideals in BCI/BCK-
algebra. Neggers and Kim[8] introduced a new concept, called B-algebras, which are related
to several classes of algebra such as BG-algebra. Zarandi and Saeid[10] developed intuitionistic
fuzzy ideal of BG-algebra. In 2019, R.Angelin Suba and K.R.Sobha[1] introduced the new
concept of absolute direct product of doubt intuitionistic fuzzy K-ideals in BCK/BCl-algebra.
In this paper, we investigate some properties of direct product of intuitionistic fuzzy BG-ideal
in BG-algebra.
2.preliminaries

Definition:2.1

(1992
*

A BG-algebra is a non empty set X with a constant 0 and a binary operation
satisfying the following axioms:

(Hx*x=0
(i) x*0=x

(i) (x*y) * (0xy) =xVx,y €X.
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For brevity we also call X BG-algebra. A binary relation ‘<’ on X can be defined by x < y if
and only if x * y = 0.

A non-empty set S of a BG-algebra X is called a subalgebra of X if x * yeS V x, yeS.
Definition:2.2

A fuzzy set pu in X is called a fuzzy BG-ideal of X if it satisfies the following
condition:

@O pn0) = px)
(iD)u(x) = min{u(x * y), u(y)} vx, yeX.
Definition:2.3

If AX B = (Uaxp, Yaxg) 1S an intuitionistic fuzzy sets of BG-Algebra X X Y is said to
be a intuitionistic fuzzy BG-ideal of X X Y if it satisfies the following axioms

(1) taxp(0,0) = praxp(x,y)
(i) paxp(x1, 1) = min{liAxB((xp)ﬁ) * (sz’z)): taxp (X2,¥2)}
(iii) paxp (e, y1) * (x2,¥2)) = min{ﬂAxB((xp)ﬁ)): taxp (X2,¥2)}
(1) Yax5(0,0) < yaxp(x,y)
(i) Yaxp (x1,¥1) < maX{YAxB((xll)/l) * (leyZ)): Yaxs (X2,¥2)}
(i) Yaxp ((ep, y1) * (x2,¥2)) < maX{YAxB(Oﬁ:Yl)):YAxB (x2,¥2)}

V Xq1,X2,V1, Y2 €X.

3. Direct product of Intuitionistic fuzzy BG-Ideal

Definition:3.1

Let X and Y be BG-algebra and let A = (uy,y4) and B = (ug,yg) be intuitionistic
fuzzy sets in X and Y respectively. Then the direct product of intuitionistic fuzzy sets A and B
is defined by A X B = (Uaxp, Yaxg) Where axp: X X Y = [0,1] is given by
taxp(x,¥) = min{u, (x), pug (y)} and yaxp: X XY — [0,1] is given by
Yaxs (%, y) = max{y,(x),y(y)} for all (x,y)eX X Y.
Theorem:3.2

If A = (uy,v4) and B = (ug, yg) be intuitionistic fuzzy BG-ideal in BG-algebra X and Y
respectively. Then A X B = (laxp, Yaxp) 1S a intuitionistic fuzzy BG-ideal in BG-algebra
XandY.

Soln:

Forany (x,y)e X XY

Haxs (0,0) = min{.quB (0), Haxp (O)}
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= min{pxp (%), taxs (¥)}
> paxe(x,y)

Yax(0,0) = max{yax5(0),vax5(0)}
< max{yaxg (x), Yaxz (¥}
< Yaxe(x,¥)

Now for any (xq,v;), (x5, y,)eX XY

Uaxp (X1,3’1) = min{.u'AxB((xl;.VI) * (sz’z)): UaxBp (leJ’z)}
And

Yaxe (X1, 1) < maX{YAxB((xp)ﬁ) * (XZ,YZ)): YaxB (xz;J’z)}

IleB((xp)ﬁ) * (xz'YZ)) = min{i,xp (((x1:3’1) * (sz’z)) * (xz:}’z));ﬂAxB (x2,¥2)}

= min{{,xp (((xl;lﬁ) * (Xz;}’z)) * ((0,0) * (XZ:YZ))):HAxB (x2,¥2)}

Paxp(Cen, y1) * (x2,¥2)) = min{ﬂAxB((xp)ﬁ)): Paxe (x2,¥2)}
And

VAXB((xlfyl) * (xZ'yZ)) = max{Yaxs (((X1JY1) * (leyZ)) * (xz»yZ)) Yaxe (X2,¥2)}

= max{Vaxp (((X1JY1) * (xZJYZ)) * ((0,0) * (x2»J’2)))»YA><B (x2,¥2)}

Yaxe ((x1,y1) * (x2,¥2)) < maX{YAxB((xL)ﬁ)); Yaxs (X2,¥2)}

Hence A X B = (Uaxp, Vaxp) 1S a intuitionistic fuzzy BG-ideal in BG-algebra X XY .
Example :3.3

Let A = (uy, v4) be a intuitionistic fuzzy BG-ideal of X as defined by

X 0 1 2 3 4
1 0.76 0.65 0.42 0.42 0.65
Y 0.22 0.33 0.56 0.56 0.33

Let B = (ug, yp) be a intuitionistic fuzzy BG-ideal of X as defined by

X 0 1 2 3 4
s 0.77 0.50 0.56 0.50 0.50
Vs 0.21 0.48 0.42 0.48 0.48
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Clearly X X X is also a BG-Algebra

Here

taxg(0,0) = 0.76,

taxp(1,0) = paxp(4,0) = 0.65

taxp(2,0) = paxp(3,0) = paxp(2,1) = paxp(2,3) = uaxp(2/4) =
Paxp(2,2) = paxp(3,1) = paxp(3,3) = taxp(3,4) = paxp(3,2) = 0.42
taxp(0,2) = piaxp(1,2) = piaxp(4,2) = 0.56

taxp(0,1) = ptaxp(0,3) = paxp(0,4) = paxp(41) = uaxp(4,3) =
taxp(44) = paxp(L1) = uaxp(1,3) = pyxp(1,4) = 0.50

Also, Y4x5(0,0) =0.22

Yaxe(0,1) = Yax5(0,3) = Yaxp(1,1) = yaxp(1,3) = yaxp(1,4) =
Yaxe(41) = Yaxp(4,3) = Yaxp(4,4) = 0.48

Yaxg(0,2) = Vaxp(1,2) = Yaxp(4,2) = yaxp(0,4) = 0.50

Yaxs(4,0) = vaxp(1,0) = 0.33

Yaxs(2,1) = Vaxp(2,2) = Vaxp(2,3) = Vaxp(2,0) = yaxp(2/4) =
Yax(3,,0) = Yaxp(3,1) = ¥axp(3,2) = ¥axp(3,3) = vaxp(3,4) = 0.56
Therefore A X B is a intuitionistic fuzzy BG-ideal of X X X.

Lemma:3.4

Let A X B = (Uaxp, Vaxp) be a intuitionistic fuzzy BG-ideal in BG-algebra X X Y .If

(x,y) < (a,b) then pyup(x,y) = paxp(a,b) and Y445 (x,¥) < vaxp(a, b) for every
(a,b), (x,y) EX X Y.

Soln:
Let (a,b), (x,y) EX XY
And (x,y) < (a,b) implies (x,y) * (a,b) = (0,0)
taxs (X, ¥) = paxs((x,¥) * (0,0))
= min{paxp(x,¥) * (0,0) * (a,b), paxgz(a, b)}
> min{uyxp(x,y) * (a,b), paxp(a,b)}
= min{u,xp(0,0), Haxz(a,b)}
> uaxg(a,b)
Similarly, Y4x5(x, V) < vaxg(a,b)
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Theorem:3.5

If A = (uyu,v4) and B = (ug, yg) be intuitionistic fuzzy BG-ideal in BG-algebra X and Y
respectively. Then [1(A X B) = (Uaxp, Laxg) 18 a intuitionistic fuzzy BG-ideal of X X Y, where

Paxp = 1 — Uaxp-
Proof':
By thrm:3.2, A X B is a intuitionistic fuzzy BG-ideal of X X Y.
Therefore for any (a,b)eX X Y,
taxp(0,0) = pyxp(a, b)
Thatis 1 — pyx5(0,0) <1 — uyup(a,b)
That is fi4x5(0,0) < fiaxp(a, b)
Now for any (x4, v;), (x5, ¥,)eX XY
taxp (X1, Y1) = minfuasg (g, y1) * (X2, ¥2), taxe (X2, ¥2)}
1= praxp(xy,¥1) < 1 —min{uaxg (x1, ¥1) * (x2,¥2), taxs (X2, ¥2)}

Haxp (e, y1) < max{iiyxp (1, ¥1) * (X2, ¥2), faxp (X2, ¥2)}

And
Paxe((X1,¥1) * (X2, ¥2)) = min{pgxp (x4, Y1), haxp (X2, ¥2)}

1- lJAxB((xp)ﬁ) * (xZ'yZ)) < 1 —minfuaxp (1, ¥1), taxs (x2,¥2)}
faxs(Cer,y1) * (x2,¥2)) < max{fiaxs (X1, 1), axp (X2, ¥2)}

Hence I1(A X B) = (Uaxp, axp) 1s a intuitionistic fuzzy BG-ideal of X X Y.
Theorem3.6

If A = (uy,v4) and B = (ug, yg) be intuitionistic fuzzy BG-ideal in BG-algebra X and Y
respectively. Then I1(A X B) = (Vaxp,Yaxp) 1S @ intuitionistic fuzzy BG-ideal of X X Y,

where Vg = 1 — Vaxs.

Proof:
By thrm:3.2, A X B is a intuitionistic fuzzy BG-ideal of X X Y.
Therefore for any (a,b)eX XY,
Yaxg(0,0) < yaxg(a,b)
That is 1 — y4x5(0,0) = 1 — y4x5(a, b)
That is ¥4x5(0,0) = Vaxg(a, b)
Now for any (x1,y1), (X3, ¥2)eX XY
Yaxg (X1, Y1) < max{yaxp (s, ¥1) * (x2,¥2), Yaxs (X2, ¥2)}
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1 = Yaxp(x1,¥1) =1 —max{yaxp (1, y1) * (x2,¥2), Yaxp (X2, ¥2)}

Vaxz (X1, ¥1) = min{¥axp (x4, y1) * (X2, ¥2), Vaxp (X2, ¥2)}

And
Yaxe (X1, ¥1) * (X2,¥2)) < max{Vaxp (X1, ¥1), Yaxe (X2, ¥2)}

1- VAxB((xp}ﬁ) * (xz'yz)) = 1 — max{yaxs (1, Y1), Vaxs(x2,¥2)}
VAxB((X1»y1) * (Xz'h)) = min{yaxp (X1, Y1), Vaxs (X2, ¥2)}

Hence I1(A X B) is a intuitionistic fuzzy BG-ideal of X Y.
Lemma:3.7

Let A = (uy,v4) and B = (ug, yg) be intuitionistic fuzzy BG-ideal in BG-algebra X and Y
respectively. If (A X B) is a intuitionistic fuzzy BG-ideal of X X Y, then the following are
true

(1) #a(0) = pp (y) and
Ug(0) = pya(x) V xeX, yey.
(i) y4(0) < yg(¥) and
¥5(0) < y4(x) V x€X, yeyY.
Proof:
Assume 1, (0) < ug(y) and pg(0) < py(x) for some xeX, yeY.
Then pyxp(x,y) = min{pu, (x), ug (¥)}
> min{up(0), 114 (0)}
> min{u, (0), ug(0)}
=ttaxp(0,0)
This is a contradiction
Similarly, Let y,(0) > y5(y) and y5(0) > y4(x) for some xeX, yeY.
Then y,x5(x,y) = max{y,(x),vs ()}
< max{yz(0),y.(0)}
< max{y,(0),yz(0)}
=Yaxz(0,0)
This is a contradiction.
Hence the result is proved.

Definition:3.8
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Let A = (uy,y4) and B = (ug,yg) be intuitionistic fuzzy BG-ideal in BG-algebra X
and Y respectively. Then the intersection A N B is defined as AN B = (Uang)Yans)

where pynp(x) = min{u, (x), up (y): xeX} and ynp(x) = max{y,(x), vz (y): xeX}.
Theorem:3.9

Let A X B = (Uyxp, Yaxp) and C X D = (Ucxp, Yexp) iS a intuitionistic fuzzy BG-ideal in
BG-algebra X and Y respectively.Then (A X B) N (¢ X D) = (Uaxp)n(cxp),Y (AxB)n(cxD)) 18
a intuitionistic fuzzy BG-ideal of BG-algebra X X Y.

Proof:

For any (x,y)eX X Y, it gives that

(1) ttaxg(0,0) = paxp(x,¥) and pucxp(0,0) = pexp(x,y)

{ 1ax5(0,0), tiexp (0,00} = {paxg (x, ¥), tiexp (%, ¥)}

min{ uaxg(0,0), tiexp (0,00} = min{paxg (x, ), tiexp (%, ¥)}
Hiaxe)nexn),(0,0) = Uiaxpyn(exp), (X, ¥).

(1)) Yaxp(0,0) < Yaxp(x,¥) and y¢xp(0,0) < yexp (x,¥)
{7ax5(0,0),7cxp (0,00} < {Yaxs (%, ¥), Yexp (%, ¥)}
max{¥axp(0,0),¥cxp (0,00} < max{yaxs(x,y), vexp (x, )}
YaxB)n(exp),(0,0) < ¥(axp)niexn), (X, ¥).

(iii)For all (x;,y;), (x5, y,)eX X Y

taxpi(Ce,¥1), (x2,¥2)} = min{paxp (X1, y1), taxp (X2, ¥2)}
texpi(e, v1), (X2, ¥2)} = min{ucyxp (X1, ¥1), iexp (X2, ¥2)'}

min{iaxg (X1, Y1), Laxp (X2, 3’2)}}

{liAxB{(xp)ﬁ); (x2,¥2)} tiexp (1, y1), (xZJYZ)}} = {min{HCXD (X0, V1), thexn Xz, V2) )

min{.quB{(xp y1), (2, ¥2) b texp t(xg, 1), (x2, YZ)}}
min{uyxp (X1, ¥1), taxp (X2, Yz)}}

= min { .
min{picxp (x1, Y1), hexp (X2, ¥2)}

min{ﬂAxB{(xp)ﬁ)' (2, ¥2)} texp{Cer, y1), (2, 3’2)}}
(min{panp (e, Y1), texp (X1, ¥1)}
= min {min{uAXB<xz,yz),um<x2,yz>}}

HUcaxB)n(cxD) (x1,y1) * (x2,¥2) = min{.u(AxB)n(ch) (xliyl)uu(AxB)n(ch) (xz'YZ)}-
Similarly,

(iv) Y (axB)n(cxD) (x1, 1) * (x2,¥,) < max{V(AxB)n(ch) (x1»Y1)»Y(A><B)n(c><D)(x2,}’2)}
(V) taxp (X1, ¥1) = min{panp (e, y1) * (x2,¥2)), taxp (X2, ¥2)}
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texp (X1, ¥1) = min{pcyxp ((c1, ¥1) * (X2, ¥2)), exp (X2, ¥2)}

min{paxg (X1, ¥1) * (X2,¥2), laxs (leJ’z)},}

X1, , X1, = .
Ubax (%1, Y1), Hep (61 11} {mm{#cw(xp}ﬁ) * (X2, ¥2), Mescp (X2, ¥2)3

min{usxp ((x1,¥1) * (X2, ¥2)), thexp ((x1, ¥1) * (xzn}’Z))},}

X1, B X1, = .
Utaxs (X1 Y1) e (31, 51)) { min{piaxpg (X2, ¥2), hexp (X2, ¥2)}

min{.u(AxB)n(ch)((xp y1) * (X2, )’z))},}

{ll AXB D (x1;3’1)} = { .
(@B (ExD) mln{.u(AxB)n(ch)(le.VZ)}

Similarly (vi)

max{Y(AxB)n(ch)((xp}ﬁ) * (xz;J’z))},}

{V(AxB)n( XD)(xl;:V1)} < {
‘ max{Y(AxB)n(ch) (le}’z)}

Hence (A X B) N (¢ X D) = (Haxp)n(cxp),Y (axB)n(cxp)) 18 a intuitionistic fuzzy BG-ideal of
BG-algebra X XY.
Definition:3.10

Let A = (uu,y,) and B = (ug,yg) be intuitionistic fuzzy BG-ideal in BG-algebra X
and Y respectively. Then the union A U B is defined as A U B = (U4uB, Yaus)

where g 05(x) = max{p,(x), up (y): xeX} and y,,5(x) = min{y,(x), v (y): xeX}
Theorem:3.11

Let A X B = (Uyxp,Yaxp) and C X D = (Ucxp, Vexp) iS a intuitionistic fuzzy BG-ideal in
BG-algebra X and Y respectively.Then (A X B) U (¢ X D) = (Uax)u(cxp),Y (axB)u(cxD)) 18
a intuitionistic fuzzy BG-ideal of BG-algebra X X Y.

Proof:

For any (x,y)eX X Y, it gives that

(1) taxp(0,0) = paxp(x,y) and pucxp(0,0) = pexp(x,y)

{ 1ax5(0,0), tiexp (0,00} = {paxs (X, ¥), tiexp (%, ¥)}

min{ paxp(0,0), tiexp (0,00} = min{paxp (X, ¥), toxp (%, ¥)}
HeaxB)uexn),(0,0) = Ueaxpyucexn), (X, ¥).

(1) Yaxp(0,0) < ¥axp(x,¥) and y¢xp(0,0) < ¥exp (x,¥)
{7ax5(0,0),7cxp(0,0)} < {Yaxs (%, ¥), Yexp (%, ¥)}

max{ ¥axp(0,0),Ycxp (0,00} < max{yaxs(x,y), vexp (x, )}
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Yax)u(exn),(0,0) < ¥axpyucexn), (6 Y).

(iii)For all (xy,y;), (x5, y,)eX X Y

tax{Oc, y1), (2, ¥2)} = min{uaxg (g, 1), taxs (62, ¥2)}
texplCey, y1), (g, ¥2)3 = min{ucyp (1, ¥1), lexp (X2, ¥2)}

min{piaxp (%1, ¥1), haxp (X2, }’2)}}

{las (Cea, ), G v G 30D, G )} = {0 b v 0 oo 2oy

min{,quB{(xlf ¥1), (x2,¥2)} texp{(x1, y1), (22, Y2)}}
min{uaxp (1, Y1), taxp (X2, YZ)}}

= min { .
mln{:uCXD (X1; Y1), Ucxp (xz; YZ)}

min{quB{(xlfyl); (%2, ¥2)} texp (1, ¥1), (22, YZ)}}
> mln{m?n{.quB(xl;Y1);.UC><D(X1:Y1)}}
min{piaxg (X2, ¥2), texp (X2, ¥2)}
HUaxB)u(cxD) (x1,y1) * (X2, ¥2) = min{H(AxB)u(ch) (x1,)’1):.u(AxB)u(c><D) (xz;J’z)}-

Similarly,
(1V) ¥ (axB)u(cxD) (x1,y1) * (X2, ¥,) < max{Y(AxB)u(ch) (x1;M):Y(AxB)u(ch)(sz’z)}
(V) taxp (x1,¥1) = min{uaxg ((x, Y1) * (X2, ¥2)), taxp (X2, ¥2)}

texp (1, y1) = minfucsxp ((eg, y1) * (2, ¥2)), texp (X2, ¥2)}

min{piaxp (x1,¥1) * (x2,¥2), Haxs (xZ'yZ)},}

X1,V1), X1, = .
Uhaxs (X, Y1), Hexp (32, 71)) {mm{HCxD(xp)ﬁ) * (X2, ¥2), Mescp (X2, ¥2)}

min{.quB((xli Y1) * (xZ'yZ))uquD((xlﬂyl) * (xZ'yZ))}’}

X ) ) X ) = .
(s Ot Y1) oo (20 v} { Ty ke

mm{#(A B)U( D)((xl»Y1) * (xz'YZ))}'
{#(AxB)u(ch)(xL}ﬁ)} = { X hex
min{paxsyuexp) (X2, ¥2)}
Similarly (vi)
max{V(AxB)u(ch)((xL}ﬁ) * (xz,YZ))},}

{raxs py(x1, ¥} < {
(AxB)U(cxD) max{y(Axg)u(ch)(xzrh)}

Hence (A X B) U (¢ X D) = (H(axB)u(cxp),Y (axB)u(cxp)) 1S a intuitionistic fuzzy BG-ideal of
BG-algebra X XY.
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