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Abstract. The goal of this work is to provide some fresh insights on the associated adjacency matrix
of the zero divisor graph of (D,, |), where n is a positive integer and D,,is the set of all divisors of n,
and its finite product. In this paper we examine eigenvalues, determinant, nullity, energy, resolvant
energy, estrada index, resolvant estrada index and k-th spectral moment to the corresponding their
adjacency matrix using scilab software.
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1. Introduction

A graph is an abstract representation of a collection of items in which some pairs of objects
are linked together by links; in this case, the linkages have a zero divisor. The items in the
network are represented by mathematical vertices, or abstractions, and the connections that
connect certain pairs of vertices known as edges.

Let L = (D,,|), be a lattice with the least element 1. We associate a simple graph

I'(L) to L with the vertex set Z(L)* = Z(L)\{1} = {x|]x Ay = gcd(x,y) = 1 for

some y # x# 1}, the set of non-zero zero divisors of L and distinct x,y € Z(L)" are

adjacent if and only if x A y = gcd(x,y) = 1. There are many papers which

interlink graph theory and lattice theory [4, 10, 19, 29, 33]. These papers discuss the

properties of graphs derived from partially ordered sets and lattices. In [19], E. Estaji and

K. Khashyarmanesh associated to any finite lattice L, a simple graph G (L) whose vertex

set is Z(L)* and two vertices x and y are adjacent if and only if x A y = 0. They

studied the structure of G(L) and connections between graph theoretical properties and

lattice theoretical properties. In this paper we construct zero divisor graphs for cartesian
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product of finite lattices and then we obtain adjacency matrices corresponding to these
graph after that we determine some results of the adjacency matrices. Throughout the
paper A(I'(L)) denotes the maximum degree of graph.
The following finite lattices are analyse in order to their zero divisor graph of adjacency
matrices: @) Dpn X Dyn, b)Dp*q, €) Dygr, d) Dygrs, €) Dpgrse: HDpg2,3, @) Dpgsre, h)
D (pqry2, Where p,g,r,s and t are distinct prime numbers.
Basic reference for graph theory [5] for lattice theory [11] and for matrix theory [3]. The
adjacency matrix corresponding to the graph G is definedas A = [al-j], where
a;; ={1, wv;andv;areadjacent,v;, v
e V(G) 0, otherwise
Since A is a real and symmetric matrix of order n, its eigenvalues 4, , 4,,---, A, are real numbers.
These eigenvalues form the spectrum of G [6, 7]. The k-th spectral moment of the graph G is defined
as
(1) M =M (G) =%, A"
As well known [6, 7], M, = n, M; = 0, M, = 2m, and M, = 0 for all odd values of k if and
only if G is bipartite.
The energy of the graph G is defined as the sum of absolute values of its eigenvalues, i.e,
(2 E=EG) =X |Al
This spectrum based graph invariant was introduced in the 1970’s [20]. Since then, its theory has
been extensively elaborated [30] resulting in several hundreds of published papers [22]. Also a
number of other ”graph energies” have been introduced, based on matrices other than A(G) [21, 27,

31, 32] The resolvent energy of a graph G is defined as
() ER=ER(®) =% =
Note that the term # is always positive valued. The resolvent energy, introduced in[25]

(see also [26]), is similar to, but not identical with, an earlier studied spectrum based graph invariant,
put forward by Estrada and Higham [28] and defined as

M (G
(4) EE, = EE.(G) =¥, @

(n-1)k
Its relation to the resolvent of the adjacency matrix was recognized by Benzi and Boito [2], by
showing that

(5) EE, = ?:1

_n-t
n-1-1;

in view of which EE, has been named “resolvent Estrada index”. Note that according to Eq.(5) ,
EE, is undefined (i.e., infinite) in the case of the complete graph K,,. Additional properties of EE,
can be found in the recent papers [8, 9, 23, 24]. Estrada et al. [18] proposed to scope this bit of
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information by using a Gaussian matrix function, which gives rise to the Gaussian Estrada index,
H(G). H(G) can be defined as
H = H@G) = trace(e™®) = ¥, e

Gaussian Estrada index H is able to describe the partition function of quantum mechanics
systems with Hamiltonian A2[35]. It gives more weight to eigenvalues close to zero and ideally
complements the Estrada index. Moreover, it is also related to the time-dependent Schrdinger
equation with the squared Hamiltonian. Based on numerical simulations, H is found to be effective
in differentiating the dynamics of particle hopping among bipartite and non-bipartite structures [1].
More results can be found in [34].

A graph-spectrum-based invariant, recently put forward by Estrada [27], is defined as
EE=EE(G) =YY", eh

We propose to call it the Estrada index. Although invented in year 2000 [12], the Estrada index
has already found numerous applications. It was used to quantify the degree of folding of long-chain
molecules, especially proteins [12, 13, 14]; for this purpose the EE — values of pertinently
constructed weighted graphs were employed. Another, fully unrelated, application of EE (this time
of simple graphs, like those studied in the present paper) was put forward by Estrada and Rodriguez-
Velazquez [15, 16]. They showed that EE provides a measure of the centrality of complex
(communication, social, metabolic, etc.) networks. In addition to this, in a recent work [17] a
connection between EE and the concept of extended atomic branching was considered. Until now
only some elementary and easy general mathematical properties of the Estrada index were
established. Of these, worth mentioning are only the following:

Specifically The adjacency matrix of a zero divisor graph I'(L) is defined as A = [a;;], where

a;j={1, viAy; =1, v, v; €Z(L)" 0, otherwise

Theorem 1.1. [16] If the graph G is bipartite, and if n, is the multiplicity of its eigenvalue zero,

then EE(G) =ny+ Y, ch(d;)wherech stands for the hyperbolic cosine (ch(x)z
eXt+e™*
2

graph.

), whereas ).,  denotes summation over all positive eigenvalues of the corresponding

a) The Lattice L = Dyn X D,n,mn = 1, Where p is a prime number
The setZ(L)* = {(1,p), (1,p2),---, (1,p™), (p, 1), (% 1),---, (p", 1)} . Here each vertex
(1.pi) is adjacent to (p%,1) forall i = 1,2,...,n and the maximum degree of graph A(I'(L)) =
n,since I'(L) = K.
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Properties of adjacency matrix A(I'(Dpn X Dpn )),n = 1:
(1) Determinant of adjacency matrix corresponding to zero divisor graph of D,n x Dn is O
(2) Eigenvalues are 0(2n — 2 zeros ), —n and n
(3) Nullity of the adjacency matrix A('(Dyn X D,n)) is 2n - 2
4 E(r(L)) = Inl + I—nI =2n
(5) ER(I'(L)) = an_n ——+(2n - 2)— ==
(6) EE(r(L)) =e™+e™"+(2n—2)e® = (2n—2)+ e ™+ e™, by Theorem 1.1
(7) EE.(T'(L)) = E T+ (2n - 2)

8) H(r(L)) = (Zn - Z)e +e ™ 4 en
(9) My (T (L)) =n* + (—n)¥, My, = 0 if k is odd and M, = 2n* if k is even
b) The Lattice L = Dyng,n = 1, p and q are distinct prime numbers
The set of zero divisor of L = {p,pz,...,pn,q} and the possible edges are{p,q},
{r?,q},...,{p™ q} and the maximum degree of graph A(I'(L)) = k,since I'(L) = K.
(1) Number of non - zero divisors in I'(D,n,) are n + 1, therefore order of such adjacency matrix is
n+1.
(2) Eigenvalues are 0,0,...0(n — 1 zeros),vVn and —V/n
(3) Nullity of the adjacency matrix A(I'(Dpyng))isn — 1
@) E(r(n)) = N‘ | +|—vn| = 2vn

1 1
() ER(F(L)) (n+1) \/—+ (n+1D)+Vn

(6) EE(r'(L)) = ef 4+ e Vn + m—1De’=e"+e V"4 (n—-1)
(7) EE.(I'(L)) = n_” +n—1

Vn n+\/

3n+1

8 H(IrL)= (n — e + eV 4 eV
9) Mo(I'(L)) =vn" + (—vn)"

¢) The Lattice L = D, , , where p, q and r are distinct prime numbers

The set of zero divisors are {p, q,r, pq, qr, pr}and the maximum degree of graph A(G) =3
The adjacency matrix corresponding to the zero divisor graph is

A(r(Ppey))=1011010101001110100001000100000010000]
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Properties of adjacency matrix A(I'(Dpqy)):

(1) Determinant of adjacency matrix corresponding to zero divisor graph of D, is —1

(2) Eigenvalues are —1.6180,—1.6180,—0.4142, 0.6180,0.6180, 2.4142(correct to four places of
decimals)

(3) Nullity of the adjacency matrix A(I'(Dpg.))is 0

(4) E(I'(L)) = 2|(—1.6180)| + 2|0.6180| + |2.4142| + | — 0.4142]| = 7.3004

(5) ER(I'(L)) = 1.0689

(6) EE(I'(L)) = 15.9489

(7) EE.(I'(L)) = 6.6502

(8) H(I'(L)) = 29.6243

(9) Mk(I'(L)) = 2(—1.6180)% + 2(0.6180)* + (—0.4142)* + (2.4142)%,M, = 6,M; =
1.2426, M, = 11.9996,M; = 6.0002

d) The Lattice L = D,q.s, Where p, q,r and s are distinct prime numbers
The set of zero divisors are {p,q,r,s,pq,pr,ps,qr,qs,rs,pqr,pqs, prs,qrs}and the maximum
degree of graph is A(I"(L)) = 7 and the zero divisor graph of D, is

Figure 1. I'(Dpgrs)
The adjacency matrix corresponding to the zero divisor graph is partitioned in the form

A (F(qurs)) = [ABBT 0] , where 0 denotes the zero matrix of order 7 and

A=
[0111000101101111011011110110001100001010000110000]
and
B=[1110001001001001001001000100001000001000001000000]
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Properties of adjacency matrixA(I'(Dpqrs)):
(1) Determinant of adjacency matrix corresponding to zero divisor graph of D, is —1.

(2) Eigenvalues are —2.6180,—-2.6180,—2.6180, —1, —0.3820, —0.3820, —0.3820, 0.2087,
1,1,1,1,1,4.7913(correct to four places of decimals).

(3) Nullity of the adjacency matrix A (I“(qurs))is 0

(4) E('(L)) = 3| — 2.6180| + |— 1| + 3| — 0.3820| + |0.2087| + 5 + |4.7913| = 20

(5) ER(I'(L)) = 1.0215

(6) EE(I'(L)) = 137.92

(7) EE.(I'(L)) = 15.6161

(8) H(I'(L)) = 5.7605

9) M (L)) = 3(-2.6180)F + (—1)* +3(—0.3820)% + (0.2087)* + 5+ (4.7913)%, M, =
14,M; = 0,M, = 49.99966,M; = 60.003,M, = 673.998

e) The Lattice L = D,g.s, Where p,q,r, s and t are distinct prime numbers

The set of zero divisors are
{p, qrn,s, t, rq, pr,ps, pt, qr, qs, qt, rs,rt, st, prqr, pqs, pqt, qrs, qrt, qst, pst, rst, prs,
prt, qrst, prst, pqst, pqrt, pqrs} and the maximum degree of graph is A(I"(L)) = 15. The zero
divisor graph of D, g, IS

|
pqrt

Figure 2. I'(Dpgrst)
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The adjacency matrix corresponding to the zero divisor graph, partitioned into the square matrix
of order 10 A((I'(Dpqrse)) = [ABCBT D E CT F 0], where

A=
[01111000011011101110110111011011101110111111011101001110000
B =
([11111000110011100010110010110001010101011010011010001110000°

C
={1010010000011110100011000001000000100010000100000100100¢C
D= [dij],Where

{11 for d14!d23y

d3z ,d3g, da1 ,d47, dse, des, A7, d73 0, otherwise
E =|e;;], where e = {1, fore;s, 3,0, otherwise and F = [f;;], where f;; =
{1, for f4, 0, otherwise

Properties of adjacency matrix A(I'(Dpgrst)):
(1) Determinant of adjacency matrix corresponding to zero divisor graph of D, is 0
(2) Eigenvalues are —4.3518,—4.2361, —4.0815, —2.2437,—4.1474,—-0.8441, —0.6180( repeated 6
times ) ,—0.1814, —0.4346,—0.0981,0,0.2020,0.2361,0.2993, 0.5269,
1.2979,1.3289,1.6180( repeated 6 times ),1.9123, 8.8153(correct to four places of decimals)
(3) Nullity of the adjacency matrix A(I'(Dpgrs¢))is 1
(4) E(I'(L)) = | —4.3518| + | — 4.2361| + | — 4.0815| + | — 2.2437| + |4.1474| + | — 0.8441| +
6] —0.6180| + | — 0.1814| + | — 0.4346| + | — 0.0981| + |0.2020| + 2|0.2361]| + |0.2993]| +
|0.5269| + [1.2979| + [1.3289| + 6]1.6180| + |1.9123] + |8.8153| = 48.889500
(5) ER(I'(L)) = 3.2408057
(6) EE(I'(L)) = 6793.7446
(7) EE,.(I'(L)) = 29.371103
(8) H(I'(L)) = 12.775930
(9) M (I'(L)) = (—4.3518)% + (—4.2361)* + (—4.0815)% + (—2.2437)* + (—.1474)% +
(—0.8441)% + 6(—0.6180)* + (—0.1814)% + (—0.4346)* + (—0.0981)* + (0.2020)%
+ (0.2361)% + (0.2993)% + (0.5269)* + (1.2979)* + (1.3289)F
+ 6(1.6180)* + (1.9123)* + (8.8153)%,M, = 30,M;, = 0, M,
= 180.05588,M; = 411.01823, M, = 7380.1176

Generalization of the results from analysis over the lattice D, ,...p,

(1) Number of non —zero zero divisors in I'(D,, p,..p,) IS 2" —2. Therefore order of such adjacency
matrix is 2"—2 x 2" -2
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(2 A6) = T2 =211

(1)
(2)

(3)
(4)

)

f) The lattice L = D2,

vV (r(w) =4q,.q9%rq,pq%r.r%73,pr,pr?,prd,p,qrs, qr?,qr, q*r, ¢*r?, q*r®} and

A(r'(L)) = 11.The zero divisor graph of D,z .3 is

3, where p, g and r are distinct prime numbers

Figure 3. I'(Dq2 3)
The adjacency matrix corresponding to the zero divisor graph partitioned in the form

A (F(quz r3)) = [Oaxs Pax7 Ouaxe Qaxa Rax7 Osxe Saxa Tax7 Usxe Osxa Vsx7 Osxe ], Where

Q=[1111111111111100],
T=[0000000000000011100000000001],

P=[1111111111111111100001110000]]

R is the block matrix whose entries are zero, except the last column ([1,1,1,0]). S is the block
matrix whose entries are zero, except first two columns, whose entries are 1, 1, 1, 0. U, whose
entries are zero except third row ( all entries in this row is equal to 1), and V , whose entries are zero
except last column (‘all entries in this row is equal to 1), and O is the zero matrix.

Properties of adjacency matrix A(I'(D 42 ,3)):

Determinant of adjacency matrix corresponding to zero divisor graph of D ;2,3 is 0

Eigenvalues are —3.9881, —3.1735,—1.2065, O(repeated 11
times),1.5045, 1.8907,4.9730( correct to four places of decimals)

Nullity of the adjacency matrix A(I'(D g2 ,3)) is 11

E(Ir'(L)) = |- 3.9881| + | — 3.1735| + | — 1.2065| + |1.5045] + |1.8907| +

|4.9730] = 16.7363

ER(I'(L)) = 1.0130658
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(6) EE(I'(L)) = 247.77053
(7) EE.(I'(L)) = 17.253621
(8) H(I'(L)) = 11.365299
(9) My (I'(L)) = (=3.9881)% + (=3.1735)*% + (—1.2065)% + (1.5045)* + (1.8907)% +
(4.9730),M, = 6, M; = 0.0001000, M, = 58.000682,M; = 36.002782, M,
= 986.02446

g) The lattice L = D, .34, Where p, q and r are distinct prime numbers

Vi) =
{0.4*>.¢% pvq, pa®,pq® rrerd vt prpr? prd prtp,qrt, qrd, qr?, qr, q?r, q*r?, q%r%, % rt, ¢°r, ¢°r? }
and A(I'(L)) = 19. The adjacency matrix corresponding to the zero divisor graph is partitioned in
the form

A (F(quz r3)) = [A15x15 Bisx12 Ci2x15 O12x12 1, Where
A
=[00000011111111100000011111111100000011111111100000011110
B, is the block matrix whose entries are zero, except the last row(all entries in this row is equal to 1)
and C, is the block matrix whose entries are zero, except the last column(all entries in this row is
equal to 1) and 0,54 IS @ zero matrix.

Properties of adjacency matrix A (F(qu3 r4)):

(1) Determinant of adjacency matrix corresponding to zero divisor graph of D3 .4 is 0
(2) Eigenvalues are —5.6155,—4.2407,—1.7951, 0( repeated 21 times ),

2.1369,2.8297,6.6847( correct to four places of decimals)

(3) Nullity of the adjacency matrix A (F(qua r4))is 21

(4) E(I' (L)) = | — 5.6155| + | — 4.2407| + | — 1.7951| + |2.1369| + |2.8297| +
|6.6847| = 23.302600

(5) ER(I'(L)) = 1.0059930

(6) EE(I'(L)) = 846.66828

(7) EE.(I'(L)) = 27.175324

(8) H(I'(L)) = 21.050589

(9) M (I'(L)) = (=5.6155)% + (—=4.2407)% + (=1.7951)% + (2.1369)* + (2.8297)% +

(6.6847), My, = 6,M; = 0,M, = 109.99852,M; = 71.997481,M, = 3409.9095

h) The lattice L = D ,q,+2, Where p, q and r are distinct prime numbers
V(L) = {p.p%q,9% 1,12 qr,q°r,qr?, q°r?, pr,p*r, pr?, p*r?, pq, p*q, Pq* p*q*} and A(G)
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6. The adjacency matrix corresponding to the zero divisor graph, partitioned into block square
matrices of order 9.

A(F(D(pq
X =
[00111111100111111111001100011001100011110000011110000011000

Y =
[10000000010000000001111000001111000000000111100000111100000

Properties of adjacency matrix A (F(D(pqr)z))i
(1) Determinant of adjacency matrix corresponding to zero divisor graph of D,z is 0
(2) Eigenvalues are —4,—4,0( repeated 13 times ), 2, 2, 5.4641(correct to four decimal places)
(3) Nullity of the adjacency matrix A (F(D(pqr)z)) is13
(4) E(F(L)) = |— 4| + | — 4] + |2| + |2] + |5.4641] = 17.4641
(5) ER(I'(L)) = 0.2956800
(6) EE(I'(L)) = 263.87805
(7) EEr(I'(L)) = 5.3593748
(8) H(I'(L)) = 13.036632
9) M (L)) = 2(=D* + 2(2)* + (5.4641)K, My = 5,M; = 1.4641,M, = 69.8563888,M; =
51.1382941,M, = 1435.40395
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