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Abstract. The goal of this work is to provide some fresh insights on the associated adjacency matrix 

of the zero divisor graph of         where n is a positive integer and   is the set of all divisors of n, 

and its finite product. In this paper we examine eigenvalues, determinant, nullity, energy, resolvant 

energy, estrada index, resolvant estrada index and k-th spectral moment to the corresponding their 

adjacency matrix using scilab software. 
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1. Introduction 

A graph is an abstract representation of a collection of items in which some pairs of objects 

are linked together by links; in this case, the linkages have a zero divisor. The items in the 

network are represented by mathematical vertices, or abstractions, and the connections that 

connect certain pairs of vertices known as edges. 

Let             be a lattice with the least element 1. We associate a simple graph 

Γ(L) to L with the vertex set                                          for 

some y   x  1}, the set of non-zero zero divisors of L and distinct             
are 

adjacent if and only                        . There are many papers which 

interlink graph theory and lattice theory [4, 10, 19, 29, 33]. These papers discuss the 

properties of graphs derived from partially ordered sets and lattices. In [19], E. Estaji and 

K. Khashyarmanesh associated to any finite lattice L, a simple graph      whose vertex 

set is       
and two vertices x and y are adjacent if and only if          . They 

studied the structure of      and connections between graph theoretical properties and 

lattice theoretical properties. In this paper we construct zero divisor graphs for cartesian 
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product of finite lattices and then we obtain adjacency matrices corresponding to these 

graph after that we determine some results of the adjacency matrices. Throughout the 

paper          denotes the maximum degree of graph. 

The following finite lattices are analyse in order to their zero divisor graph of adjacency 

matrices:    a)     ×    ,  b)    ,  c)     ,  d)      ,  e)       , f)      , g)       ,  h) 

       , where p,q,r,s and t are distinct prime numbers. 

Basic reference for graph theory [5] for lattice theory [11] and for matrix theory [3]. The 

adjacency matrix corresponding to the graph   is defined as     [   ], where  

                                                   

                                                                                                   

Since   is a real and symmetric matrix of order n, its eigenvalues    ,   ,     are real numbers. 

These eigenvalues form the spectrum of   [6, 7]. The  -th spectral moment of the graph   is defined 

as 

(1)           ∑ 
     

  

As well known [6, 7],                         and       for all odd values of   if and 

only if   is bipartite. 

The energy of the graph G is defined as the sum of absolute values of its eigenvalues, i.e, 

(2)         ∑ 
        

This spectrum based graph invariant was introduced in the 1970’s [20]. Since then, its theory has 

been extensively elaborated [30] resulting in several hundreds of published papers [22]. Also a 

number of other ”graph energies” have been introduced, based on matrices other than      [21, 27, 

31, 32] The resolvent energy of a graph   is defined as 

(3)           ∑ 
   

 

    
 

Note that the term 
 

    
 is always positive valued. The resolvent energy, introduced in[25] 

(see also [26]), is similar to, but not identical with, an earlier studied spectrum based graph invariant, 

put forward by Estrada and Higham [28] and defined as 

(4)             ∑ 
   

     

      
 

Its relation to the resolvent of the adjacency matrix was recognized by Benzi and Boito [2], by 

showing that 

(5)      ∑ 
   

   

      
 

in view of which     has been named “resolvent Estrada index”. Note that according to Eq.(5) , 

    is undefined (i.e., infinite) in the case of the complete graph   .  Additional properties of     

can be found in the recent papers [8, 9, 23, 24].  Estrada et al. [18] proposed to scope this bit of 
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information by using a Gaussian matrix function, which gives rise to the Gaussian Estrada index, 

    .       can be defined as 

(6)                      
    ∑ 

       
 

 

Gaussian Estrada index H is able to describe the partition function of quantum mechanics 

systems with Hamiltonian   [35].  It gives more weight to eigenvalues close to zero and ideally 

complements the Estrada index. Moreover, it is also related to the time-dependent Schr ̈inger 

equation with the squared Hamiltonian.  Based on numerical simulations,   is found to be effective 

in differentiating the dynamics of particle hopping among bipartite and non-bipartite structures [1]. 

More results can be found in [34]. 

 

A graph-spectrum-based invariant, recently put forward by Estrada [27], is defined as 

 

(7)          ∑ 
       

 

We propose to call it the Estrada index. Although invented in year 2000 [12], the Estrada index 

has already found numerous applications. It was used to quantify the degree of folding of long-chain 

molecules, especially proteins [12, 13, 14]; for this purpose the     values of pertinently 

constructed weighted graphs were employed. Another, fully unrelated, application of    (this time 

of simple graphs, like those studied in the present paper) was put forward by Estrada and Rodriguez-

Velazquez [15, 16]. They showed that    provides a measure of the centrality of complex 

(communication, social, metabolic, etc.) networks. In addition to this, in a recent work [17] a 

connection between    and the concept of extended atomic branching was considered. Until now 

only some elementary and easy general mathematical properties of the Estrada index were 

established. Of these, worth mentioning are only the following: 

Specifically The adjacency matrix of a zero divisor graph      is defined as            where 

                                                                                      

Theorem 1.1.  [16]  If the graph   is bipartite, and if    is the multiplicity of its eigenvalue zero, 

then          ∑                 stands for the hyperbolic cosine (      

      

 
)  whereas ∑  denotes summation over all positive eigenvalues of the corresponding 

graph. 

a) The Lattice        ×           , where   is a prime number 

The set                                                    . Here each vertex  

(    ) is adjacent to        for all               and the maximum degree of graph           

  , since           . 
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Properties of adjacency matrix         ×               

(1) Determinant of adjacency matrix corresponding to zero divisor graph of     ×      is 0 

(2) Eigenvalues  are               ,    and   

(3) Nullity of the adjacency matrix A(Γ(    ×    )) is    –    

(4)  (    )              

(5)   (    )  
 

    
 

 

    
       

 

  
 

    

 
 

(6) EE(                                   , by Theorem 1.1 

(7)    (    )  
    

   
 

    

    
        

(8)  (    )               
    

 

(9)   (    )                 if   is odd and        if   is even 

b) The Lattice               ,   and   are distinct prime numbers 

The set of zero divisor of                     and the possible edges are     , 

                  and the maximum degree of graph               since             

(1) Number of non - zero divisors in         are      , therefore order of such adjacency matrix is 

   . 

(2) Eigenvalues are                       √  and  √  

(3) Nullity of the adjacency matrix           is      

(4)  (    )  |√ |  | √ |   √  

(5)   (    )  
   

   
 

 

      √ 
 

 

      √ 
 

(6) EE(    )   √    √           √    √        

(7)    (    )  
 

  √ 
 

 

  √ 
     

(8)  (    )                 √ 
 

  √ 
 

  

(9)   (    )  √ 
 

 ( √ )
 

 

 

c) The Lattice            where     and   are distinct prime numbers 

The set of zero divisors are                 and the maximum degree of graph ∆(G) = 3 

The adjacency matrix corresponding to the zero divisor graph is 

 ( (    ))                                                                             
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Properties of adjacency matrix             

(1) Determinant of adjacency matrix corresponding to zero divisor graph of      is −1 

(2) Eigenvalues are                                             (correct to four places of 

decimals) 

(3) Nullity of the adjacency matrix           is 0 

(4)                                                                     

(5)                   

(6)                    

(7)                    

(8)                   

(9)   (    )                                                                

                                

 

d) The Lattice            where       and   are distinct prime numbers 

The set of zero divisors are                                            and the maximum 

degree of graph is              and the zero divisor graph of       is  

 
 Figure 1.          

The adjacency matrix corresponding to the zero divisor graph is partitioned in the form 

 ( (     ))               , where   denotes the zero matrix of order 7 and  

  

                                                                                                            

and        
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Properties of adjacency matrix           : 

(1) Determinant of adjacency matrix corresponding to zero divisor graph of       is −1. 

(2) Eigenvalues are                                                             

                (correct to four places of decimals). 

(3) Nullity of the adjacency matrix  ( (     ))is 0 

(4)                                                                            

(5)                   

(6)                   

(7)                     

(8)                  

(9)   (    )                                                                

                                                   

e) The Lattice             where         and   are distinct prime numbers 

The set of zero divisors are 

                                                                              

                               and the maximum degree of graph is              . The zero 

divisor graph of        is 

 
Figure 2.           
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The adjacency matrix corresponding to the zero divisor graph, partitioned into the square matrix 

of order 10   (          )                        , where  

  

                                                                                                                                                                                                            

  = 

                                                                                                                                                                                                           

 

 

                                                                                                                                                                                                             

  [   ]  where 

                     
                                                                                                                             

  [   ]  where                                                 and   [   ]   where     

                                             

Properties of adjacency matrix             : 

(1) Determinant of adjacency matrix corresponding to zero divisor graph of        is 0 

(2) Eigenvalues are                                                        ( repeated 6 

times )                                                         

                    ( repeated 6 times ),             (correct to four places of decimals) 

(3) Nullity of the adjacency matrix             is 1 

(4)                                                                      

                                                                     

                                                                             

(5)                      

(6)                      

(7)                       

(8)                     

(9)                                                                            

                                                                            

                                                          

                                                    

                                            

Generalization of the results from analysis over the lattice         
 

(1) Number of non –zero zero divisors in Γ(        
) is  2

n 
−2.  Therefore order of such adjacency 

matrix is 2
n 

− 2 × 2
n 

− 2 
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(2)       
    

 
        

f) The lattice            , where     and   are distinct prime numbers 

  (    )                                                              and 

             . The zero divisor graph of         is 

Figure 3.            

The adjacency matrix corresponding to the zero divisor graph partitioned in the form 

 

 ( (       ))                                                                 , where   

                                    , 

                                                                ,      

                                                             

  is the block matrix whose entries are zero, except the last column            .    is the block 

matrix whose entries are zero, except first two columns, whose entries are 1, 1, 1, 0.   , whose 

entries are zero except third row ( all entries in this row is equal to 1), and   , whose entries are zero 

except last column ( all entries in this row is equal to 1), and   is the zero matrix. 

Properties of adjacency matrix              : 

(1)  Determinant of adjacency matrix corresponding to zero divisor graph of         is 0 

(2) Eigenvalues  are                          (repeated 11 

times),                    ( correct to four places of decimals) 

(3) Nullity of the adjacency matrix               is 11 

(4)                                                                       

                    

(5)                      
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(6)                      

(7)                       

(8)                     

(9)                                                                             

                                                                    

           

 

g) The lattice            , where     and   are distinct prime numbers 

          

                                                                                                   

and              . The adjacency matrix corresponding to the zero divisor graph is partitioned in 

the form 

 ( (       ))                                ,  where  

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

 , is the block matrix whose entries are zero, except the last row(all entries in this row is equal to 1) 

and C, is the block matrix whose entries are zero, except the last column(all entries in this row is 

equal to 1) and        is a zero matrix. 

 Properties of adjacency matrix  ( (       )): 

(1) Determinant of adjacency matrix corresponding to zero divisor graph of         is 0 

(2) Eigenvalues are                          ( repeated 21 times ), 

                    ( correct to four places of decimals) 

(3) Nullity of the adjacency matrix  ( (       ))is 21 

(4)                                                                       

                     

(5)                      

(6)                      

(7)                       

(8)                     

(9)                                                                           

                                                                     

 

h) The lattice            , where     and   are distinct prime numbers 

                                                                            and ∆(G) 

= 
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6. The adjacency matrix corresponding to the zero divisor graph, partitioned into block square 

matrices of order 9. 

   ( (       ))                 
        , where 

  

                                                                                                                                                                       

, 

  

                                                                                                                                                                     

 

Properties of adjacency matrix  ( (       )): 

(1) Determinant of adjacency matrix corresponding to zero divisor graph of         is 0 

(2) Eigenvalues  are        ( repeated 13 times ),           (correct to four decimal places)  

(3) Nullity of the adjacency matrix  ( (       )) is 13 

(4)                                                          

(5)                      

(6)                      

(7)                       

(8)                     

(9)   (    )                                                                 
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